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Introduction  

 Mathematics  

Slide ini dapat diunduh di http://mipa.ubaya.ac.id/e-learning 

1st Half Semester 

Meeting Topic Sub topic Time (min) 

 

 

1 

 
Real Number 

System 

Number Tree 
Operations and Properties of Real Number 
System 
Definitions and properties of exponent 
Definitions and properties of absolute value 

 
 

100 

 

 

 

 

2 

 
 
 
 

Function 

Definition of function 
Domain and range of function 
Properties of function 
Some elementary functions (general form, graph, 
domain, range):  

• polynomial (up to degree three),  
• rational,  
• root,  
• exponential, and  
• logarithm. 

 
 
 
 

100 

Slide ini dapat diunduh di http://mipa.ubaya.ac.id/e-learning 

Meeting Topic Sub topic Time (min) 

 

3 

 
Function 

 

Composition of function 
Invers function 
Transformations of function 
HW 1 

100 

 

4 

Equality and 
Inequality 

Equlity: linear, quadratic, exponent, logarithm 
Inequality: linear, quadratic 
HW 2 

100 

 

5 

 
 
 

Derivative 

Definition of derivative (limit by intuition) 
Properties and laws of derivative 

100   

6 Quiz 1 

Chain rule 
Second derivative 

100 

7 Application of 
derivative 

  

Application of derivative: Tangent and normal 
line, related rates 

100  

8 Maximum and minimum of function 
HW 3 

100 

Slide ini dapat diunduh di http://mipa.ubaya.ac.id/e-learning 

Meeting Topic Sub topic Time (min) 

9  
 
 
 

Integral 

Integral as an anti derivative; properties and 
laws of integral, some elementary integral 

100  

10 Integration technique: substitution to elementary 
form, algebra operations 

100 

11 Integration technique: rational 100 

12 Integration technique: partial integral 100 
13 Quiz 2 

Definite integral 
100 

14 Application of 
integral 

Area 
Volume (disk method) 
HW 4 

100 

Content of Quiz 

Slide ini dapat diunduh di http://www.hazrul-iswadi.com 

Quiz 1: Meeting 1 – 5 
Quiz 2: Meeting 6 – 12 

Slide ini dapat diunduh di http://mipa.ubaya.ac.id/e-learning 

Score 

NTS =   20% average of assignment scores 
             + 20% average of quizz scores 
             + 60% UTS 

 Accesible web for getting infos, slides, and announcements:  
 www.hazrul-iswadi.com 

 uls.ubaya.ac.id 
 Students must activate their Ubaya account. 
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Slide ini dapat diunduh di http://mipa.ubaya.ac.id/e-learning 
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Meeting 1 
Real Number System 

Real Numbers 

If the number is rational, then its corresponding 
decimal is repeating. For example, 

If the number is irrational, then its corresponding 
decimal is not repeating. For example, 

Properties of Real Numbers 

3
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Real Line 

The real numbers are ordered 

Interval 

Example Example 
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Exercises 

1.  

2. 

𝑥 ≤ 1 

1 – 6: Express the inequality in interval notation, and then graph  
           the corresponding interval. 

−2 < 𝑥 ≤ 1 

3.  

4. 

1 ≤ 𝑥 ≤ 2 

𝑥 ≥ −5 

5.  

6. 

𝑥 > −1 

5 < 𝑥 < 2 

7 – 8: Express each set in interval notation. 

9 – 14: Graph the set. Absolute Value and Distance 

The absolute value of a number a, denoted by |𝑎|,  
is the distance from a to 0 on the real number line. 

5
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Exponent 

nth Root 

Rational Exponent 
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Exercises 

15.  

16. 

17. 

8

27

3

 

−1

64

3

 

−3
5

96
5  

15 – 17: Evaluate each expression. 

18 – 21: Simplify the expression and eliminate any negative  
               exponent(s). Assume that all letters denote positive  
               numbers. 

18.  

19. 

20. 

21. 

3𝑎−2

4𝑏−
1
3

−1

 

9𝑠𝑡
3
2

27𝑠3𝑡−4
2
3

 

𝑦10𝑧−5
1
5

𝑦−2𝑧3
1
3

 

𝑎2𝑏−3

𝑥−1𝑦2

3
𝑥−2𝑏−1

𝑎
3
2𝑦

1
3
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Function - 1 

Meeting 2 

Definition of Function 

Examples 

Domain 
Domain of a function is the set of all inputs for the  
function. 

Examples 

8
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The graph of a function helps us picture the domain  
and range of the function on the x-axis and y-axis 

Exercises 

1.  

2. 

𝑓 𝑥 = 3𝑥 + 2 

𝑓 𝑥 = 𝑥2 + 1 

1 – 2: Find 𝑓(𝑎), 𝑓(𝑎 + ℎ), and the difference quotient  
𝑓 𝑎 + ℎ − 𝑓(𝑎)

ℎ
, 

          where ℎ ≠ 0. 

3 – 4: Find the domain of the function. 

3.  4. 𝑓 𝑥 =
2 + 𝑥

3 − 𝑥
 𝑓 𝑥 =

𝑥

2𝑥2 + 𝑥 − 1
 

9
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Polynomial Function 

Functions defined by polynomial expressions are  
called polynomial functions, for example 

Polynomial functions are easy to evaluate because  
they are defined using only addition, subtraction,  
and multiplication 

𝑃 𝑥 = 2𝑥3 − 𝑥 + 1 

If a polynomial consists of just a single term, then it is  
called a monomial. 

The graph of a polynomial function is always a smooth  
curve; that is, it has no breaks or corners. 

Quadratic Functions 
A quadratic function is a function f of the form 

𝑓 𝑥 = 𝑎𝑥2 + 𝑏𝑥 + 𝑐 

Examples 

11
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Rational Function 

A rational function is a function of the form 

The domain of a rational function consists of all real  
numbers x except those for which the denominator  
is zero. 

Example 

12
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Exponential Function 

13
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Example 

Logarithmic Function 

The function 𝑓 𝑥 =  loga 𝑥  
has domain 0, ∞  and  
range ℝ. 

14
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Examples Exercises 

1.  

2. 

log
𝑥2 + 4

𝑥2 + 1 𝑥3 − 7 2
 

1 – 2: Use the Laws of Logarithms to expand the expression. 

log 𝑥 𝑦 𝑧 

Exponential and Logarithmic 
Equations Example 

15
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Example 
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Function - 2 

Meeting 3 

Definition of Composition of Functions 

Arrow Diagram of Composition 
Functions 

Examples 

17
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Definition of One-to-One Function Examples 

Definition of Inverse of a Function 

Example 

18
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Example 

Exercise 

1.  

2. 

𝑓 𝑥 =
1 + 3𝑥

5 − 2𝑥
 

1 – 4: Find the inverse function of 𝑓. 

𝑓 𝑥 = 5 − 𝑥3 

3.  

4. 

𝑓 𝑥 = 2 + 5𝑥 

𝑓 𝑥 = 𝑥2 + 𝑥, 𝑥 ≥ −
1

2
 

Transformation of Functions 

• Shifting 
 
• Reflecting 
 
• Stretching 

Vertical Shifting 

Adding a constant to a 
function shifts its graph 
vertically;  
upward if the constant is 
positive and downward if it 
is negative. 

19
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Horizontal Shifting 

The graph of y = f(x - c) is just the graph of y = f(x) 
shifted to the right c units. 
Similarly, the graph of y = f(x + c) is just the graph of y = 
f(x) shifted to the left c units. 
 

Example Exercise 

Reflecting Graphs Example 

20
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Vertical Stretching and Shrinking Example 

Combining Shifting, Stretching, 
and Reflecting 

Combining Shifting, Stretching, 
and Reflecting 

Combining Shifting, Stretching, 
and Reflecting 

Combining Shifting, Stretching, 
and Reflecting 

21
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Horizontal Stretching and Shrinking Exercise 

5.  

6. 

𝑓 𝑥 = 1 + 𝑥 

5 – 8: Sketch the graph of the function, not by plotting points, 
but by starting with the graph of a standard function and 
applying transformations. 

𝑓 𝑥 = 2 − 𝑥 + 1 

7.  

8. 

𝑓 𝑥 =
1

2
𝑥 + 5 − 3 

𝑓 𝑥 = 3 − 2 𝑥 − 1 2 

22
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Equality and Inequality 

Meeting 4 Equations 

An equation is a statement that two mathematical  
expressions are equal. 

The values of the unknown that make the equation  
true are called the solutions or roots of the equation,  
and the process of finding the solutions is called  
solving the equation. 

Linear Equations Example 

Quadratic Equations 

23
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Example 

Example 

24
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Example 

Example 

Exercises 

1.  

2. 

2 1 − 𝑥 = 3 1 + 2𝑥 + 5 

1 – 4: The given equation is either linear or equivalent to a linear 
equation. Solve the equation. 

2

3
𝑦 +

1

2
𝑦 − 3 =

𝑦 + 1

4
 

3.  

4. 

𝑥 −
1

3
𝑥 −

1

2
𝑥 − 5 = 0 

2𝑥 −
𝑥

2
+
𝑥 + 1

4
= 6𝑥 

5.  

6. 

𝑥2 + 2𝑥 − 5 = 0 

5 – 8: Solve the equation by completing the square. 

𝑥2 − 4𝑥 + 2 = 0 

7.  

8. 

𝑥2 + 3𝑥 −
7

4
= 0 

𝑥2 =
3

4
𝑥 −

1

8
 

9 – 12: Find all real solutions of the quadratic equation. 

9.  

10. 

6𝑥2 + 2𝑥 − 3/2 = 0 

3𝑥2 + 2𝑥 + 2 = 0 

11.  

12. 

25𝑥2 + 70𝑥 + 49 = 0 

5𝑥2 − 7𝑥 + 5 = 0 

25
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Exponential Equations 

An exponential equation is one in which the variable 
occurs in the exponent. 
Sometimes we use the Laws of Logarithms to 
“bring down x” from the exponent. 

For example 

Example Example 

Example Example 

26



09/07/2016 

5 

Logarithmic Equations 

A logarithmic equation is one in which a logarithm  
of the variable occurs. 

For example 

Example 

Example Example 

27
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Exercises 
13 – 16: Solve the equation. 

13.  

14. 

𝑥22𝑥 − 2𝑥 = 0 

𝑥210𝑥 − 𝑥10𝑥 = 2(10𝑥) 

15.  

16. 

4𝑥3𝑒−3𝑥 − 3𝑥4𝑒−3𝑥 = 0 

𝑥2𝑒𝑥 + 𝑥𝑒𝑥 − 𝑒𝑥 = 0 

17 – 19: Solve the logarithmic equation for 𝑥. 

17.  

18. 

log5 𝑥 + log5(𝑥 + 1) = log5 20 

log5(𝑥 + 1) − log5(𝑥 − 1) = 2 

19.  log 𝑥 + log(𝑥 − 3) = 1 

Inequalities 

An inequality looks just like an equation, except that  
in the place of the equal sign is one of the symbols, 
<, >, ≤, or ≥. Here is an example of an inequality: 

The following illustration shows how an inequality  
differs from its corresponding equation: 

Linear Inequalities 

An inequality is linear if each term is constant or  
a multiple of the variable. 

Example Example 

28
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Quadratic Inequality 

For example 

So, the solution of the inequality 𝑥2 − 5𝑥 + 6 ≤ 0 is 

Inequality Involving a Quotient 

Example 

29
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Exercises 

20.  

21. 

4 − 3𝑥 ≤ −(1 + 8𝑥) 

2 7𝑥 − 3 ≤ 12𝑥 + 16 

22.  

23. 

2 ≤ 𝑥 + 5 < 4 

5 ≤ 3𝑥 − 4 ≤ 14 

20 – 23: Solve the linear inequality. Express the solution using 
interval notation and graph the solution set. 

24.  

25. 

−2𝑥 ≤ 4 

(𝑥 + 2)(𝑥 − 1)(𝑥 − 3) ≤ 0 

26.  𝑥3 − 4𝑥 > 0 

24 – 29: Solve the nonlinear inequality. Express the solution 
using interval notation and graph the solution set. 

27. 16𝑥 ≤ 𝑥3 

28.  
𝑥 − 3

𝑥 + 1
≥ 0 

29.  
2𝑥 + 6

𝑥 − 2
< 0 

30
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Derivative - 1 

Meeting 5 

THE LIMIT OF A FUNCTION 

Let’s investigate the behavior of the function defined by 
𝑓 𝑥 = 𝑥2 − 𝑥 + 2 

for value x near 2. 

Example 

Solution: 

By using graphic investigation of the value x in 
𝑥−1

𝑥2−1
  

near 1, we have the following tables 

We can make a guess that 

31
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Limit Laws 

Other Limit Laws Example 

Example Definition of Derivative of a Function 

or 

or 

32
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Other notations 

If we want to indicate the value of a derivative in  

Leibniz notation at a specific number 
𝑑𝑦

𝑑𝑥
, we use  

the notation 

Example 

Differentiation Rules 

Example Differentiation Rules 

33
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Example Differentiation Rules 

Example Example 

TABLE OF DIFFERENTIATION 
FORMULAS 

Exercises 

1.  

2. 

𝑅 𝑡 = (𝑡 + 𝑒𝑡)(3 − 𝑡) 

𝑦 =
𝑥3

1 − 𝑥2
 

3.  

1 – 7: Differentiate. 

4. 

5.  

𝑦 =
𝑥 + 1

𝑥3 + 𝑥 − 2
 

𝑦 =
𝑡2 + 2

𝑡4 − 3𝑡2 + 1
 

𝑦 =
𝑡

𝑡 − 1 2 

34



09/07/2016 

5 

6.  

7. 

𝑦 = 𝑟2 − 2𝑟 𝑒𝑟 

𝑦 =
1

𝑠 + 𝑘𝑒𝑠
 

DERIVATIVES OF TRIGONOMETRIC 
FUNCTIONS 

Example 

Exercises 

8.  

9. 

𝑓 𝜃 =
sec 𝜃

1 + sec 𝜃
 

𝑦 =
1 − sec 𝑥

tan𝑥
 

10.  

8 – 13: Differentiate. 

11. 

12.  

𝑦 =
sin 𝑥

𝑥2
 

𝑦 = csc 𝜃 (𝜃 + cot 𝜃) 

𝑦 = 𝑥𝑒𝑥 csc 𝑥 

𝑦 = 𝑥2 sin 𝑥 tan𝑥 13.  

35
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Derivative - 2 

Meeting 6 The Chain Rule 

Example 

Example 

36
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Example 
Trigonometric Functions and the 

Chain Rule 

Repeated Application of the Chain 
Rule 

Exercises 

1.  

2. 

𝑓 𝑣 =
1 − 2𝑣

1 + 𝑣

3

 

𝑓 𝑥 = 𝑥2 + 3 5 + 𝑥
2

 3.  

4. 

1 – 4: Find the derivative of the function. 

𝑔 𝑥 =
3𝑥2 − 2

2𝑥 + 3

3

 

𝑓 𝑥 = 2 + 𝑥2 + 1 4 3
 

5.  

6. 

𝑦 = 𝑥 +
1

4
sin 2𝑥 2 

𝑦 = sin tan2𝑥  7.  

8. 

5 – 8: Find the derivative of the function. 

𝑦 = sin 𝑥3 + sin𝑥
3

 

𝑦 = cos sin tan𝜋𝑥  

Higher Order Derivatives 

The second derivative is the derivative  
of the first derivative. 

The third derivative is the derivative  
of the second derivative. 

and goes on ..... 

37
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Exercises 

9.  

10. 

𝑓 𝑥 =
𝑥

𝑥 − 1
 

𝑓 𝑥 = 𝑥4 + 2𝑥3 − 3𝑥2 − 𝑥 

11.  

12. 

9 – 14: Find the second derivative of the function. 

𝑓 𝑥 =
𝑥2 + 3𝑥

𝑥 − 4
 

𝑓 𝑥 = 4𝑥5 − 2𝑥3 + 5𝑥2 

𝑓 𝑥 = 4𝑥
3
2 

𝑓 𝑥 = 𝑥2 + 3𝑥−3 

13.  

14. 

15.  

16. 

𝑓′ 𝑥 = 𝑥2, 𝑓′′(𝑥) 

17.  

18. 

15 – 18: Find the given higher-order derivative. 

𝑓′′ 𝑥 = 2 −
2

𝑥
, 𝑓′′′(𝑥) 

𝑓′′′ 𝑥 = 2 𝑥, 𝑓 4 (𝑥) 

𝑓(4) 𝑥 = 2𝑥 + 1, 𝑓 6 (𝑥) 

38
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Application of Derivative - 1 

Meeting 7 

Tangent Line 

We say that a 
line is tangent 
to a curve  
when the line 
touches or 
intersects  
the curve at 
exactly one 
point. 

Definition of Tangent Line  
with Slope m 

Tangent Line 

If the derivative of f is m at a point (x0, y0),  
then the tangent line equation of is  
                    
                      y − y0 = m(x − x0) 

Example 

39
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Tangent Lines to the Graph of a 
Nonlinear Function 

The slope is m= 2(-1) = -2 

Normal Line 

The normal line to a curve at one of  
its points (x0, y0) is the line that passes  
through the point and is perpendicular 
to the tangent line at that point. 

If m ≠ 0 is the slope of the tangent line,  
then the normal line equation is  
 
                  y − y0 = −(1/m)(x − x0) 

Example 

Find equations of the tangent and normal  
lines to the parabola 𝑦 = 4𝑥2 at  
the point (−1, 4). 

Ans. y + 8x + 4 = 0; 8y − x − 33 = 0 

Exercise 

1.  Find equations of the tangent and normal lines to  
                             y = f (x) = x3 − 2x2 + 4 at (2, 4). 

Finding Related Rates 

The important use of the Chain Rule is  
to find the rates of change of two or  
more related variables that are changing  
with respect to time. 

40
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For example, when water is drained out of a conical tank, the 
volume V, the radius r, and the height h of the water level are all 
functions of time. 

Example Problem Solving with Related Rates 

Based on previous example, we have 

41
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Example 

Air is being pumped 
into a spherical balloon  
(see below Figure) at a 
rate of 4.5 cubic feet 
per minute. Find the 
rate of change of the 
radius when the radius 
is 2 feet. 

Exercises 
2.  The radius 𝑟  of a circle is increasing at a rate of 4 

centimeters per minute. Find the rates of changes of the 
area when 
(a). 𝑟 = 8 centimeters 
(b). 𝑟 = 32 centimeters 

3.  The radius 𝑟 of a sphere is increasing at a rate of 4 inches 
per minute.  
(a). Find the rates of changes of the volume when 𝑟 = 9   
       inches and 𝑟 = 36 inches. 
(b). Explain why the rate of change of the volume of the  

       sphere is not constant even though 
𝑑𝑟

𝑑𝑡
 is constant. 

4.  A conical tank (with vertex down) is 10 feet across the top 
and 12 feet deep. Water is flowing into the tank at a rate of 
10 cubic feet per minute. Find the rate of change of the 
depth of the water when the water is 8 feet deep.  

42
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Application of Derivative - 2 

Meeting 8 

Minimum/Maximum of A Function 

The Existence of the Extreme Value Definition of Relative Extrema 

Definition of a Critical Number 

43



09/07/2016 

2 

GUIDELINES FOR FINDING EXTREMA 
ON A CLOSED INTERVAL 

To find the extrema of a continuous  
function on a closed interval use these  
steps. 
1. Find the critical numbers of f in (a, b) 
2. Evaluate at each critical number in (a, b) 
3. Evaluate at each endpoint of [a, b] 
4. The least of these values is the minimum.  
    The greatest is the maximum. 

Example 

On the closed interval  
[-1, 2] f has a minimum at 
(1, -1) and a maximum at 
(2, 16). 

Example 
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Exercises 

1.  

2. 

𝑓 𝑥 =
4𝑥

𝑥2 + 1
 

𝑓 𝑥 = 𝑥3 − 3𝑥2 

3.  

1 – 4: Find the critical numbers of the function. 

𝑔 𝑥 = 𝑥4 − 8𝑥2 

𝑔 𝑡 = 𝑡 4 − 𝑡, 𝑡 < 3 

4.  

5.  𝑔 𝑡 =
𝑡2

𝑡2 + 3
, [−1,1] 

5 – 6: Find the absolute extrema of the function on the closed 
interval. 

6.  𝑓 𝑡 =
2𝑥

𝑥2 + 1
, [−2, 2] 

Applied Minimum and Maximum 
Problems 
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Exercises 

1.  A rectangular page is to contain 36 square inches of print. The 
margins on each side are 1 ½ inches. Find the dimensions of 
the page such that the least amount of paper is used.  

2.  A farmer plans to fence a 
rectangular pasture adjacent to a 
river (see figure). The pasture 
must contain 245,000 square 
meters in order to provide 
enough grass for the herd. No 
fencing is needed along the river. 
What dimensions will require the 
least amount of fencing?   

46
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Integral - 1 

Meeting 9 

Antiderivatives 

To find a function 𝐹 whose derivative is  
3𝑥2, 

we might use our knowledge of 
derivatives to conclude that 

𝐹 𝑥 = 𝑥3 because 
𝑑[𝑥3]

𝑑𝑥
= 3𝑥2. 

The function 𝐹 is an antiderivative of 𝑓. 

Definition of Antiderivative 

A function 𝐹 is an antiderivative of 𝑓  
on an interval 𝐼 when  

𝐹′ 𝑥 = 𝑓(𝑥) 
for all 𝑥 in 𝐼. 

Example 

Antidifferentiation 

Consider to solving this following  
differential equation 

The operation of finding all solutions of this  
equation is called antidifferentiation (or 
indefinite integration) and is denoted by  
an integral sign  . 
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The expression  𝑓 𝑥 𝑑𝑥 is read as  

the antiderivative of 𝑓 with respect to 𝑥.  
So, the differential 𝑑𝑥 serves to identify 𝑥  
as the variable of integration.  

The term Indefinite integral is a synonym  
for antiderivative. 

Basic Integration Rules 

Basic Integration Rules Basic Integration Rules 

The general pattern of 
integration 

Example 

Integrate 
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Rewriting Before Integrating Integrating Polynomial Functions 

Example 
Integrate 

Example 

Rewriting Before Integrating Exercises 
1 – 4: Complete the table to find the indefinite integral. 

1.  

2. 

3.  

4. 
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5 – 14: Find the indefinite integral and check the result by  
           differentiation. 

5.  

6. 

7.  

8. 

9. 

10.  

11. 

12.  

13. 

14. 

50



09/07/2016 

1 

Integral - 2 

Meeting 10 

From the Chain Rule 

From the definition of an antiderivative,  
it follows that 

Outside function 

Inside function Derivative of 
inside function 

Recognizing the 𝒇 𝒈 𝒙 𝒈′(𝒙) 

pattern 

Recognizing the 𝒇 𝒈 𝒙 𝒈′(𝒙) 

pattern 

Multiplying and Dividing by a 
Constant 
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Change of Variables 

The change of variables technique uses  
the Leibniz notation for the differential.  
That is, if 𝑢 = 𝑔(𝑥), then 𝑑𝑢 = 𝑔′(𝑥), and 

Example 

Example 

GUIDELINES FOR MAKING A CHANGE 
OF VARIABLES 

The General Power Rule for 
Integration 
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Example Table of Integration Formulas 

Table of Integration Formulas Example 

Completing Perfect Square 
Evaluate:  

 
1

𝑦2 − 2𝑦 + 5
𝑑𝑦 

 
1

𝑦2 − 2𝑦 + 5
𝑑𝑦 =  

1

𝑦2 − 2𝑦 + 1 + 5
𝑑𝑦 

                             =  
1

𝑦 − 1 2 + 5
𝑑𝑦 

                  =  
1

𝑢2 + 5
𝑑𝑢 

                                =
1

5
tan−1

𝑢

5
+ 𝐶 

 
1

𝑦2 − 2𝑦 + 5
𝑑𝑦 =

1

5
tan−1

𝑦 − 1

5
+ 𝐶 

Using Long Division Before Integrating 
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Multiplying numerator and 
denominator by the same factor 

Solution: Multiplying numerator and denominator 

by 1 − 𝑥 

Evaluate: 

Using Identity Trigonometry 

Solution: 

Evaluate: 

 
tan3 𝑥

cos3 𝑥
𝑑𝑥 =  

sin3 𝑥

cos6 𝑥
𝑑𝑥 

                        =  
1 − cos2 𝑥

cos6 𝑥
sin 𝑥 𝑑𝑥 

                        =  
1 −𝑢2

𝑢6
(−𝑑𝑢)  

                        =  
𝑢2 − 1

𝑢6
𝑑𝑢  

                        =  𝑢−4 − 𝑢−6 𝑑𝑢  

                        = −
1

3
𝑢−3 +

1

5
𝑢−5 + 𝐶 

                        = −
1

3
(cos 𝑥)−3+

1

5
(cos 𝑥)−5+𝐶 

Exercises 

3 – 9: Find the indefinite integral by the method shown in the  
           previous examples.. 

1.  

2. 

1 – 2: Evaluate the integral. 

3.  

4. 

5.  

6. 

7.  

8. 

9. 
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Integral - 3 

Meeting 11 
Integration of Rational Functions by 

Partial Fractions 

Integrate:  

 
5𝑥 − 3

𝑥2 − 2𝑥 − 3
𝑑𝑥 

For instance, the rational function 
5𝑥−3

𝑥2−2𝑥−3
 

can be rewritten as 

Then, we have 

The method for rewriting rational functions  
as a sum of simpler fractions is called the 
method of partial fractions. 

General Description of the Method 

Success in writing a rational function  
ƒ(x)/g(x) as a sum of partial fractions  
depends on two things: 
• The degree of ƒ(x) must be less than  
      the degree of g(x). 
      That is, the fraction must be proper.  
      If it isn’t, divide ƒ(x) by g(x) and work  
      with the remainder term. 

• We must know the factors of g(x). 
      In theory, any polynomial with real  
      coefficients can be written as a product  
      of real linear factors and real quadratic  
      factors. In practice, the factors may be  
      hard to find. A quadratic polynomial  
      (or factor) is irreducible if it cannot be  
      written as the product of two linear  
      factors with real coefficients. 
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Example 

Use partial fractions to evaluate 

Solution: 
The partial fraction decomposition has the form 

The solution is 

Hence we have Example 

Use partial fractions to evaluate 

Solution: 

Equating coefficients of corresponding  
powers of x gives 

Therefore, 

Example 

Solution: 

Use partial fractions to evaluate 
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Write the improper fraction as a polynomial plus a 
proper fraction. Example 

Use partial fractions to evaluate 

Solution: 
The denominator has an irreducible  
quadratic factor as well as a repeated linear 
factor, so we write 

Clearing the equation of fractions gives 

Equating coefficients of like terms gives 

Solve these equations simultaneously to  
find the values of A, B, C, and D: 

Obtaining 

Finally, using the expansion above  
we can integrate: 

In some problems, assigning small values  
to x, such as x = 0, ±1, ±2, to get equations 
in A, B, and C provides a fast alternative to  
other methods. 
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Example 

Find A, B, and C in the expression 

by assigning numerical values to x. 

Solution Clear fractions to get 

Then let x = 1, 2, 3 successively to find  
A, B, and C: 

Conclusion: Exercises 

1.  

3. 

1 – 8: Expand the quotients by partial fractions. 

5𝑥 − 13

𝑥 − 3 𝑥 − 2
 

𝑥 + 4

𝑥 + 1 2 

𝑧 + 1

𝑧2 𝑧 − 1
 

𝑡2 + 8

𝑡2 − 5𝑡 + 6
 

5.  

7. 

2.  

4. 

5𝑥 − 7

𝑥2 − 3𝑥 + 2
 

2𝑥 + 2

𝑥2 − 2𝑥 + 1
 

𝑧

𝑧3 − 𝑧2 − 6𝑧
 

𝑡4 + 9

𝑡4 + 9𝑡2
 

6.  

8. 

9 – 12: Express the integrand as a sum of partial fractions and 
evaluate the integrals. 

13 – 14: Express the integrand as a sum of partial fractions and 
evaluate the integrals. 

15 – 18: Express the integrand as a sum of partial fractions and 
evaluate the integrals. 
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Integral - 4 

Meeting 12 

Integration by Parts 

Integration by parts is a technique for  
simplifying integrals of the form 

Product Rule in Integral Form 

Integration by Parts Formula 

With a proper choice of u and v, the second  
integral may be easier to evaluate than the 
first. In using the formula, various choices  
may be available for u and dv. To avoid  
mistakes, we always list our choices for u  
and dv, then we add to the list our  
calculated new terms du and v, and finally  
we apply the formula of integration by 
parts.  

Example 

Find 

Solution We choose and get 
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Then, The goal of integration by parts is to go  
from an integral  u dv that we don’t see  

how to evaluate to an integral  v du that  

we can evaluate. 
 
When finding v from dv, any antiderivative  
will work and we usually pick the simplest 
one 

Example 

Find 

Solution We choose and get 

Then, 

Tabular Integration Can Simplify 
Repeated Integrations 

Find 

Solution 
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Exercises 
1 – 8: Evaluate the integrals using integration by parts. 

9 – 16: Evaluate the integrals. Some integrals do not require  
             integration by parts. 
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Integral - 5 

Meeting 13 

The Definite Integral 

Rules satisfied by definite integrals Rules satisfied by definite integrals 

Rules satisfied by definite integrals Rules satisfied by definite integrals 

62



09/07/2016 

2 

Rules satisfied by definite integrals Rules satisfied by definite integrals 

Rules satisfied by definite integrals 
The Fundamental Theorems of 

Calculus 

Examples 
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Exercises 
1 – 10: Evaluate the integrals. 

Substitution in Definite Integrals 

Example 

Evaluate 

Solution 

Transform the integral as an indefinite  
integral, integrate, change back to x, 
and use the original x-limits. 

Alternative method 
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Integration by Parts Formula for 
Definite Integrals 

Exercises 
11 – 18: Evaluate the integrals using integration by parts. 
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Application  

of Integral 

Meeting 14 

Area of the Region between the 
Curves 

Example 

Find the area of the region enclosed by  
the parabola 𝑦 = 2 − 𝑥2 and the line 
𝑦 = −𝑥. The area between the curves is 

Solution 

Example 
Find the area of the region in the first 
quadrant that is bounded above by 
𝑦 = 𝑥 and below by the x-axis and the 
line y = x - 2. 

Solution 
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Integration with Respect to y Example 
Find the area of the region in the first 
quadrant that is bounded above by 
𝑦 = 𝑥 and below by the x-axis and the 
line y = x – 2 by integrating with respect to 
y. 

Solution Exercises 
1 – 4: Find the total areas of the shaded regions. 

Volume by Disks for Rotation About 
the x-axis 

The solid generated by rotating  
(or revolving) a plane region about an axis  
in its plane is called a solid of revolution. 

Example 

The region between the curve 𝑦 = 𝑥,  
0 ≤ 𝑥 ≤ 4, and the x-axis is revolved  
about the x-axis to generate a solid.  
Find its volume. 
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Solution 
Volume by Disks for Rotation About 

the y-axis 

Example 

Find the volume of the 
solid generated by 
revolving the region 
between the y-axis and 

the curve 𝑥 =
2

𝑦
, 

1 ≤ 𝑦 ≤ 4, about the 
y-axis. 

Solution 

Exercises 
5 – 10: Find the volumes of the solids generated by revolving the  
             regions bounded by the lines and curves in the following  
             exercises about the 𝑦-axis.. 
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