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PREFACE

Assalaamu’ alaikum warahmatullaahi wabarakaatuh

Welcome all participants of ICoMS 2008 to Bogor — Indonesia. This event is organized
by MSMSSEA in collaboration with Institut Pertanian Bogor (Indonesia) and Universiti
Malaysia Terenganu (Malaysia).

We, the organizing committee, are very glad having this international conference due to
many reasons.
1. ICoMS isagood avenue for mathematicians, statisticians, and other scientist to
communi cate.
2. 1CoMS 2008 has a theme related to entrepreneurial era which is very important
for mathematicians and statisticians, and scientist in general.
3. The event is important venue for business group, government, and academia to
communicate and share knowledge as well.
4. Bogor is beautiful place in Indonesia surrounded by many research centers, 1PB,
Botanical garden, an other point of interest related to research institution.

We are also happy that the Vice President of Republic of Indonesia, Ministry of
National Education, Ministry of Energy and Mineral Resources, and Ministry of
Communication and Information Technology are supporting to the ICoM S 2008.

This event held on two days, August 5-6, and consist of several parts. We invite 17
outstanding professors to share and discuss topics in mathematics and statistics,
including application. As many as 170 paper and 30 posters presented during this two-
day conference. We appreciate to all of contributor from various countries who are
motivated to participate in this event.

High appreciation is also awarded to companies and agencies which facilitate so that the
even could run well.

We really hope all participants can benefit many things from this international event.
May God bless you.
Wa' alaikumsalam warahmatullaahi wabarakaatuh.

The Committee of ICOMS 2008
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IS-LM IN SLOW-FAST SYSTEM

1Joice Ruth Juliana, 2Endah Asmawati

Department of Mathematics and Natural Sciences
Universty of Surabaya

e-mail: *joi ceruth@yahoo.com, 2 e_61113@yahoo.com

Abstract. Our real life problem usually is solved by forming the mathematics model. In
economics, we found some mathematics model about business cycle. One of the well-known
models is ISLM model. The model, first developed by Sr John Hicks and Alvin Hansen in
linear equation system, has been used from 1937. We developed ISLM model in ordinary
differential equation system and observed the behavior change to the time. The model has
been developed by Kalecky and Cai in time-delay form. In this paper, we discuss the model in
slow-fast system. By using singular perturbation method is obtained qualitative analysis
about the equilibrium point of the system and the economical interpretation.

Keywords : IS.LM model, slow-fast system, singular perturbation

1. Introduction

In the macroeconomics, we know three kinds of market in object views. They are goods market,
money market and labor market. The analysis of good market and money market is well-known as IS-LM
analysis [1]. The ISLM model, first developed by Sir John Hicks and Alvin Hansen, has been used from
1937 onwards to summarize a major part of Keynesian macroeconomics [2]. | is investment function, Sis
the saving function, L is the demand of money and M is money supply. In 2005 Cai develop dynamic
model of ISLM business cycle [3]. The development of the model come first from Torre :

¥=a(l(Y,r)-s(y.n)
£ =b(L(Y,r)- M)
with Y (t) isthe groos-product and r (t) is the interest rate.
And then, continuing by Gabish and Lorenz :
Ye=a(1(Y.r)-s(Y,r))
E=b(L(Y,r)- M)
R =1(Y,K,r)- dK
with K(t) is the capital stock.
Cai analyzes mode in linear dynamic and uses time delay based on Kalecki’s idea :
Ye=a(1(Y.r)-s(y,r)
=1 (Y(t-T,K,r)- dK
£ =b(L(Y,r)- M)
Now in this paper, we develop the model in non-linear dynamic and use slow fast system :
VE = (L(Y,r)- M)
¥=(1(Y,)- S(Y.r)) (1)
# = e(I(Y,K,r)-dK)
We assume that the changes rate of r, Y and K to the time differ. Variables r, Y and K are called fast,
intermediate, and slow components of system [4, 5]. Parameters V> 0 and € > 0 are small parameters
and they indicate the level of each component.

The second assumption is the investment function |, the saving function S, the demand for money L
and the money supply M depend nonlinearly on their arguments, that is
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I =aY-IK- h1r2

_ 2
S—a2Y+h2r (2)
L= pY- mr2
M=M-nr

with &,a2,,hp,l,mn, p positive constants [0,1].

From (1) and (2), we get the model and can start observe the behavior change of r, Y and K to the time.
We do qualitative analysis using singular perturbation methods. In this paper we discuss the first step of
our research, that is, we analyze the modd with K constant. Under certain conditions, we obtain the
stability cycle of the system by perturbation methods.

2. Stability analysis

As the explaination in the first section, now the model that we analyzeis
Vi =nr - mr2+ pY- M

) (©)
¥=ay- hr-IK
with a and h positive constants.

Now, the system (3) can called as slow-fast system [4]. By rescaling time t*:%/, itis obtained

& =nr- mr2+ pY- M
4

¥= V(aY- hr2- IK)
Let Vv =0, we obtain from (4)

k=nr- mr2+ pY- M
¥=0

The orbit of fast subsystem can be construction from r-nullcline. We get parabolics curve r-nullcline

mr2-nr+M

p

Y=

n?- 4mm 9
-4mp 5

with the stationer point Pg% Our discussis in the first quadrant. Thus the parabolic should be

2
above r-axis, that is M>%. The orbits of fast subsystem move in r direction. For the above region of the

parabolic curve, we find that & >0 such that the orbits direction is horizontal left. On the other hand, in
the below area of the parabolic curve, we find that & < 0. It means the orbits direction move to the right.
We get the orbits of the fast subsystem as shown in figure 2.1.
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Figure 2.1. The orbits of the fast subsystem

To know the dynamic of gross-product, we take V=0 in (3), we obtain slow subsystem

2
O=nr-mr~ +pY-M

) ©®)
¥=ay- hr-IK

2-nr+M

The orbits of slow subsystem (5) on the surface of r-nullcline y="" o . We find the stable

condition if I£<M , and if the cross-section between r-nullcline and Y-nullcline occurs in the minimum
a p

n2- amm &

-amp =

and in the point with ordinat value more than M/p, for example, we

. . =S
point of r-nullcline Pe",
me

can take Pzgi,wf with h:( p(n?- 4mz)a)/(m(- n2- 4m2+4nm)) and IK = (-5 n’n? +n*m—-n’mM + 4
e 7}

mM? — 4 m* + 8m°n — 4m*M + 4 mPnM- 4mM — 4n?M — n°p? — 4nPp)al4(mp)?. See figure2.2. We obtain

2
that Y-nullcline is Y:hr HK

, that is a parabalic curve. For region above the curve, we obtain ¥>0.1t

means that the orbits directions go down. In the below of the curve, we get ¥ <0. It shows that the
orbits direction move up. Thus, we now obtain the slow and fast orbits. See figure 2.2.

r-nullcline

Y-nullcline

e e ¥<0

o 0z 04 0E o0& i 12

v

Figure 2.2. Slow-fast orbits

221



Now, let we take a starting point A(ro,Yo) with ro >% and Yq in the interval of cross-section of r-

nullcline and Y-nullcline curves. We obtain that fast orbits bring A to the stable part of r-nullcline, i.e,
point B. Slow orbits bring it to point C and then move to point D. When r is going to zero, fast orbits
bring point D to point E. After that, the orbits will back to C-D-E and continuing in such a way. Thus, we
get stable cycle as shown in figure 2.3.

r-nullcline

Y-nullcline

C

r

Figure 2.3. gable cycle of the sysem

If the starting point did not fulfill the condition then we get unstable condition. See figure 2.4.

r-nullcline Y-nullcline

v

Figure 2.4. ungtable condition
3. Discussion

In the second section, we have found the behavior of the system. We obtain stable cycle under some
certain condition. In the economical interpretation, it represent of business cycle. Let the starting point
interest rate and gross-product ro and Yo under certain condition as explaination above. In the beginning of
cycle the change rate of interest r is gradually down until certain point, the value of groos-product Y will
be change. Follow the slow orbit, the value of interest and groos-product gradually decrease until the
minimum turning point of interest null-cline curve. And then, the value of gross-product will be gradually
up, at the time, the interest rate is going to zero until a certain point the fast orbit will attract the interst
rate such that the value gradually increase and the condition will be repeat.

Real business problem is very complicated. We will always improve the modd aso the analysis
methods such as the model and the analysis result closely to the real problem.
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