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Introduction

This proceeding contains papers which were presented in Conference on Industrial and
Applied Mathematics. The editors would like to express their deepest gratitude to all
presenters, contributors/authors and participants of this conference for their overwhelming
supports that turn this conference into a big success. While every single effort has been made
to ensure consistency of format and layout of the proceedings, the editors assume no
responsibility for spelling, grammatical and factual errors. Besides, all opinions expressed in
these papers are those of the authors and not of the conference Organizing Committee nor the
editors.

The Conference on Industrial and Applied Mathematics is the first international conference
held at Institut Teknologi Bandung-Indonesia, during July 6 — 8, 2010; hosted by Industrial
and Financial Mathematics Research Division, Faculty of Mathematics and Natural Sciences
ITB. The research division has continuing research interests in financial mathematics,
optimization, applied probability, control theory and its application; biological, physical
modeling and the application of mathematics in sciences, fluid dynamics, and numerical
methods and scientific computing. The conference provided a venue to exchange ideas in
those areas and any aspect of applied mathematics, in promoting both established and new
relationships.

Permission to make a digital or hardcopies of this proceeding for personal or classroom use is
granted without fee provided that copies are not made or distributed for profit or commercial
advantage.
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Measuring Similarity between Wavelet Function and
Transient in a Signal with Symmetric Distance Coefficient

Nemuel Daniel Pah®
Wpepartment Electrical Engineering, Universitas Surabaya, Surabaya, Indonesia
(Email: nemuelpah@ubaya.ac.id)

ABSTRACT

Wavelet transform has been developed and applied in
various areas of science and engineering. It offers
better signal processing capabilities due to the
existence of a large number of wavelet functions. The
superiority comes with a requirement of methods to
select a proper wavelet function for each signal or
application. Selection methods based on signal
properties are not always applicable due to the lack of
mathematical definition of most analyzed signals.
Wavelet function can be selected based on its shape
similarity to interested transient in input signal. The
selection method is subjective since there is no
quantified parameter to measure this similarity. This
paper introduces a new parameter, symmetric
distance coefficient (SDC) to measure similarity
between wavelet function and transient in a signal. It
is based on a fact that wavelet coefficients of a
transient that has similar shape and similar time
support to a wavelet function are always symmetric.
The parameter measures similarity by measuring the
degree of symmetry in wavelet coefficients. The
paper also reports an experiment to demonstrate
procedures to measure this similarity using SDC.

KEYWORDS
Wavelet; symmetric; transient; transformation.

ILINTRODUCTION

Wavelet Transform (WT) is a recent
development in signal processing [1, 2]. Wavelet
transform of a signal f € L%(R) is defined as a
correlation between the signal and a dilated-
shifted wavelet function s

Wi(s,0) =< 1.y, >= [0y Do

Vs (1)

The magnitude of wavelet coefficient, |Wf(s, o)],
indicates how well they correlate around t = o,
and is determined by the matching between the

properties of wavelet function and the properties
of the analyzed signal. WT offers a large option
of wavelet functions. This flexibility comes with
a need of methods to select wavelet function.

Common wavelet selection methods were
based on the matching between the properties of
wavelet function and the properties of the
analyzed signal [1-8]. The methods require both,
the wavelet function and the analyzed signal, to
be defined mathematically. All wavelet
functions are defined mathematically, but, most
analyzed signals are natural signals with lack of
mathematical expression. Other wavelet function
selection method was based on visual shape
similarity between interested transient in input
signal and wavelet function [9-14]. The method,
was not accurate since the similarity was only
judged by visual inspection.

This paper introduces a new parameter to
measure similarity between wavelet function and
transient in a signal by measuring the degree of
symmetry in wavelet coefficients. The new
parameter is called ‘symmetric distance
coefficient’ (SDC) [15]. This paper is organized
into five sections. Following this introduction,
Section Il elaborates the issue of measuring
shape similarity. Section Il definition of SDC,
while Section 1V presents the procedure and
experimets to measure shape similarity between
a wavelet function and transients in a signal.
Finally, Section V gives the concluding remark.

Il. MEASURING SHAPE SIMILARITY

Shape similarity between a wavelet function and
a transient in a signal can be observed on the
symmetric pattern in wavelet coefficients in the
neighborhood of the center of the transient, t = t;
[16]. It is based on the fact that correlation
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function of two similar shape functions is
always symmetric (even-symmetric).
Consequently, if a wavelet function has similar
shape to a transient at t = t;, the wavelet
coefficients in the neighborhood of ¢ = t; are
even-symmetric. This symmetry feature is not
altered by signal amplification.

There is a difficulty in using the symmetric
nature to measure shape similarity because in the
real world, it is nearly impossible to find a
wavelet function that has exactly a similar shape
to any transients in input signal. One can only
find a wavelet function that is almost similar.
This condition will produce nearly even-
symmetric wavelet coefficients. To measure this
‘nearly similar’ condition, it is necessary to have
a parameter to measure symmetry in gradual
levels. Unfortunately, symmetry is only defined
as a discrete parameter (i.e. symmetry or
asymmetry). The new parameter, introduced in
this paper, was developed to measure symmetry
in gradual levels. The parameter is applied to the
case of wavelet function selection.

I1l. SYMMETRIC DISTANCE
COEFFICIENT

A function, f(t), is considered symmetric around
t=t if

{f (t.+o)=="f(t, - T)}ze[—ts ] 2

where T is any value in a time support of [-t,, t;].
Equation (2) strictly distinguishes between
symmetric and asymmetric function. SDC
measures the degree of symmetry in gradual
levels. It is inspired by the concept of symmetric
distance in image analysis that measures the
minimum effort required to modify pattern in an
image into its symmetric shape [17-19].

SDC is the ratio between the energy of the
difference between left and right side of a
function around its center t = t;, and the energy
of the function within the same time support of t
= [te-ts , te+ts ]. Itis illustrated in Fig. 1.

t

f(f(tc —7)-f(t, +7))’dz
SDC(t,,t,) =2

j‘f 2(t, —7)dr
©

Figure 1. A nearly even-symmetric function at t = tc with
time support [tc-ts , tc+ts]. The SDC(tc,ts) is the ratio of
the energy of (A-B) to the total energy of A and B.

The range of SDC in (3) is [0, 2] which does
not meet common sense. The equation is
modified to shift its range to [-1,1] where -1
represents  odd-symmetry, 0  represents
asymmetry, and 1 represents even-symmetry as
in (4).

&

f(f(tc —7)-f(t, +7))dr
SDC(t,,t,) =1-2

jf 2t —7)dr
@

SDC is independent to input signal
amplification. Suppose a signal, f(t), is even-

symmetry around t = 0 i.e. {f (t)= f(_t)}te[—tsvts].
Another signal, g(t), is equal to f(t) but

asymmetric due to {e(t)}tqo’ts]:

fQ)  tE[-t,0]
9 :{f(t)+e(t) te(0.t.]
e ®)
then SDC at t = 0 with support [-ts ,ts] is:
jez ()dr
SDC(0,t,) =1- 0

[212@)+2f @e() +e* (@)dr
0 (6)

If the signal is then amplified by a factor of A:
t) = Af(t) te[-t,,0]
9= {A F(t)+Aet) tEOL] )

the SDC becomes
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tS
Azfez(r)dr
0

SDC(0.t,) =1-¢
f2A2 f2(7) + 2Af (v) Ae(z) + A%e?(z)dr

(8)

By canceling out the amplification factors, A,
equation (8) proves that SDC can measure the
level of symmetry, independent to the strength
of input signal or transient.

The ability to measure symmetry independent
to signal strength may create problem if the
input signal has too many unexpected small
ripples (see Fig. 3). To avoid measuring SDC of
unwanted small transients, a threshold level, th,
is added to the equation to ignore transients with
energy less than the threshold level.

tS
SDC(t,,t,) if ff 2(t, -7)dz >th
~tg

SDC,, (t,.t,,th) = {
0 else

(9)

Equation (8) and (9) are the mathematic
definition of SDC.

Fig. 2 shows SDC(t,0.25,0.1) of even-
symmetric, nearly even-symmetric, odd-
symmetric, nearly  odd-symmetric  and
asymmetric transients located att = 0.75 s, 1.75
s, 2.75 s, 3.75 s, and 4.75 s, respectively. The
SDC of the first transient, SDC(0.75,0.25,0.1),
is 0.99. It means that the transient is 99% even-
symmetry. The second transient is only 90%
even-symmetry, while the third to fifth transients
are 99% odd-symmetry, 92% odd-symmetry,
and 0% symmetry, respectively. The figure
shows how SDC can measure various types and
levels of symmetry.

Fig. 3 shows the necessity of using threshold.
It shows SDC of a signal with a symmetric
transient at t = 0.475 s and small noises. When
threshold was set to zero (no threshold) the SDC
of the investigated transient was obscured by a
large number of SDCs of the noises (Fig. 3b).
When a threshold value of 5 was used, the SDC
of the noises were removed (Fig. 3c).

Figure 2. The SDC of various types and levels of
symmetry.

Figure 3. a) A signal with an even-symmetric transient
added with noises. b) The SDCy(t,0.125,0), ¢) The
SDCy(t,0.125,5).

IV. MEASURING PROCEDURES AND

EXPERIMENT

The procedure to measure similarity between a

wavelet function, s, and a transient located at t

= t. in an input signal, f(t), is as follows:

1. Apply WT to f(t) using the selected wavelet
function, ws,, to the whole time span of f(t).

2. Calculate SDCy(t.ts,th) of the wavelet
coefficients at time location o = t.. The time
support parameter, t;, should be half of the
selected wavelet function’s time support or
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half of the interested transient’s time support.
Use an appropriate threshold, th, to ignore
small ripples in wavelet coefficients.

3. The value of SDCy(tts,th) indicates the
degree of shape similarity between the
selected wavelet function and the transient.
The closest the value to 1, the more similar
the two functions.

The parameter and procedure was applied to

electrocardiograph (ECG) signal [7, 20] to find a

wavelet function that has the most similar shape

to T-waves (marked with ‘T’ in Fig. 4a). An

ECG signal, downloaded from MIT-BIH

PhysioBank database record aami3a.dat (AAMI-

EC13) [21] was used in this experiment (Fig.

4a). The signal was re-sampled with a sampling

rate of 360 Hz. Wavelet coefficients were
calculated using various wavelet functions.

However, the results of only three wavelet

functions are presented in this paper (i.e. db2 at

scale 28, Gaus2 at scale 8, and Mexh at scale 12)

due to their significant results. The SDC

calculation was then applied to all wavelet

coefficients with a half time support of 0.158 s

and a threshold value of 0.1. The results (Fig.

4b-d) suggested that db2 at scale 28 is the
wavelet function with the most similar shape to

T-waves. The average SDCy(t,0.158,0.1) of the

four T-waves when calculated using db2 wavelet

at scale 28 was 0.915. The value was higher than
that of Gaus2 wavelet at scale 8 and Mexh

wavelet at scale 12 (0.88, and 0.82,

respectively). The experiment suggests that the

parameter and the procedure can be used to find
wavelet function that has the most similar shape
to an interested transient.

V. CONCLUSION

This paper introduces a new parameter called
‘symmetric distance coefficient’ (SDC) and the
procedure to measure shape similarity between a
wavelet function and a transient in a signal. The
parameter measures the similarity by measuring
the symmetric pattern in wavelet coefficient. It
is based on the fact that wavelet transform of a
transient that has the same shape as a wavelet
function is always symmetric. The parameter is
useful as a guidance to select suitable wavelet

function for a specific transient in a signal or
application.

The paper also presents an experiment to
demonstrate the procedure and the parameter’s
ability to measure shape similarity between a
wavelet function and transients in signal. The
experiment demonstrates how the parameter can
be used to find a wavelet function that has the
most similar shape to T-waves in ECG signal.

Figure 4. a) ECG signal (MIT-BIH aami3a.dat — AAMI
EC13) with sampling rate 360 Hz, b) — d) The
SDC,(t,0.158,0.1) calculated on wavelet coefficients using
Db2 at scale 28, Gaus2 at scale 8, and Mexh at scale 12,
respectively.
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