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Abstract 
Tfm p:11wr t'XI'bres tlw lran1cv.urk :u,cl dcvelc•pnwnr <>I stoch:L,tic frnnnn /\ppn>adl (;iF/\). The urJgtn,ll 1de,t 

ul tlw SI:A and it.' rhenrl'tic<li framework 1,; di-;ctJs~cd to provide• :1 ha>ic fuund:mnn pf tlw approach. 'l he 

tkvelupmc·nr uf SFA with rnorc· tlexible dtqnbutiun ~~~~umprion" follow~ tlw plonn•rin).! mudcl. Expc·rt> al>e> 
develop rlw rinu>\'<Hi:mr kchnical efficiency mudck in order ro .tlluw van:1rion lwm·ecn rmlt~' tor .1 prudu,-1lun 
Ulllt. The nllht rcn·nt dcvclopnwnt l'i the p,nwl ,l:Jr:t srA, which indm\c..; rlw tW<l-SLlgc· :tnd tho.' <>!ll'-,1age 

pn>n:dtJn•s. 

An Overview of tht· Stnchastic Frontier 
Approaeh 

The convt'ntiunal SFA em he trackecl 
hack tn ru..u piotWt'Ting paper~, publi~Jw,l 

ne~nly ':>imultcllH'OU~ly by tv>u tt•arn~: Aigner ct 

al. ( 1977) anJ Mct·uscn ~md v~m den Bnk'cl 
(1977). These two papers J'Tll)'ose ~r cmnrnon 

structure 
develtl)'t'd 

uf two-parr compuscd errur, 
undl't a ~tuchasric productitll1 

fruntier 
aCrtlUI1fS 

fr~lmt'Wtnk. The 
fur t<l ndom 

fir~r part 

sratisticJl 
errur 

representing f~1ctors such ~~s WL'~tther, luck, 
measurement ern1rs, ~rnd urlwr unprcdict:1bk 

aspects outside <1 finn's cuntrnl. The seL·unJ 

parr err()r is inren,led to capnm· tht' rechniral 
indliciency uf finn~. 

The typical t'uncti()n:1l frm11 of the SFA, 

as propu~cd by the two piune..:ring J'<l~\l'ts, can 

be \Vtitten a~: 

I I) 

whne Y, i~ tlw sr:al:n utttput of fmn i 

(i=1,2, __ ,NJ, 

/(X,; a.,,~ ).exp( v,) is the 

pruductiun fruntier, X, 1.' a (lxk) vt•,·tur Df 
inpms used hy firm i, 

~is a (kx1) \TL'tur uf slopL' l':rr:mll'tcr~, 

a,, i':> pr()ductiDn trDtHit·r intncept, 

cxp(V
1 

-· l/
1

) is the combined error rnm, 

t'_ is a rv..-·o-sidc,{ r;mdom ~tatisriol noi~e of 

finn t, v..-irh 1iJ N { O,cr~) 

u. ts one-side <'tror cumpurwnr repre.,~~nting 

t~·chnical incftkit>ncy. 

In a [irwar f,,rmar for firm i, Equ;1tion (1) l,ll'l 

be ..:xpre.,~ed ,cs 

y,: ·a, ·f [x,, 

{!, 

{!. 

.r,,] + \', 

/3, 

(2) 

( 1) 
u, 

where )". ts rht· scalar ()f rlw lugarirhlll uf 

uurpur fur firm 1 (t"-l,l, ... ,N), x, i~ a (lxk) 

\"l'dor uf tire logarirhm of uopur~ trsc,l by firm 

1, ;m,l orhn v,trial,)cs an· a., 111"<'\ iuu~lv 

d..:fi m·d. 
The ba~i~· 1dea lwhind rlw SFA mudt{ 

a~ shown in Equatiun (l), Ullnl'~ frum tlw 
diff~Tl'llLT lwtween r\w ~lSStlll1J1Ti<m m ,1 

con\'l·nrton<tl productit'n functitll\ ,1nd tlw 

ob~tTVl"c\ firm~' Ollfjlllh. fhc cunventi()ll:\1 

produdion fun\"tton spvcifi..:.~ the n1:1Xitnum 
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ptlssihle <.mtput level" from d giwn set uf 
inputs (i.e., firms cue assumed tu be producing 
at rhe full efficiency level), wlwreas the 
ubserved output dara arc smaller than or 
l'lJll<ll to the maximum pos~ible output (i.e., 
some finn~ an: prnducing below the full 
efficiency level). Thu~, tl-chnical inefficiencies 
exist in lirrns' productiun. lnrurporating the 
technical efficiency, the SFA introduces a one· 
side error term, ui. Hence, the uhjective u( the 
SFA is rwr unly esnmatmg rlw parameters of 
pmdurtion terhnolo~ry as in the 
cunventitmal prmlurtion functinn, bur also 
mt'asltring the technical ine!Tictency by 
separaTing the rwn crrur compunents (ui and 
Vl). 

The pimwering papers of Aigner ct a!. 
( 1977) and Meeusen ami van den Broeck 
(1977) propose rhe maximum-likelihood (ML) 
metlll)J to achieve tlw nhjectiws of the SFA. 
This rncthud requires a distrihutiunal 
assumptinn for the two error rumponents (to, 

and u,) and an assumption of non-currdation 

between rht: tllW-~ide error rerrn (u.) ~md input 
\'ariables (x). (Jiv<:n tlwse assumptiuns, the 
early storha~tic frontier models :~re intended 
for cnlss-se .. :tional app\imtions. ln de~tling 

wirh the distribution~tl assumption, Aigner et 

al. (1977) suggest normal ;md half.nnrmal 

distributions for t', and u, re:,pectively. 
Mecusen and van dl'n Rroeck (1 9'17), 011 the 
other h<md, propnse nurmal and exponential 
distributilms. 

The Dcwlopmcnt of Distributional 
Assumption 

Fullnwing the rum piunel"Ting papers, 
~ub"cquenr researchers develtlp more Hexible 
fnrm nf distributions. LJreerw (1980), for 
example, suggests norm:~\ and g;m1ma 
distributions by inrnH.!ttring additilmal 
parameters to be l''-timclted, which pwvidl'S a 
rnnre tlt·xible reprcsent~ltltJn of the pattern of 
techtliL·al inefficiency in the data. Sin1ilarly, 
Stevensnn ( 1980) prupnses normal and 
truncated-nonnal distributions by allov-iing the 

llllrtnal distribution, which i~ trunGlted l1c\ow 
at zero, ro have a non-zero rnode. 1 

"llw availability of various distribtJtional 
assumptions, as prop~1sed :1huve, leads 
researchers to question whether the 
distributilmal assumption significantly affens 
the me::Jsurement of tt:"rhnical efficiency. The 
mean uf technical efficiency scores renJ ro be 
sensitive on the di"triburional assumption, as 
shnwn by Greene (1990). However, neither 
rhe ranking of firms hy their technical 
efficiency ~cure~ nor tbe decilcs composition 
of efficiency scores seems tu be sensitive to tlw 
distnbutional assumptions. 

Kumbhabr :mJ Lovell (2000), for 
exam pi~, show a Vl"l)' dose cunconlance of the 
r::mking of technical effiCiency scores from 
separate estimation results u~ing those four 
,jjffcrent disrributitmal assumptiom 
mentioned above. Similarly, llorrace (200'5) 

find that tbe ranking of ftrrns based un rheir 
1'-.'chnical ,•fficit'ncy scores do nor change 
when the four different distriburiunal 
assumptions are applit•d interchangeably. 
Findings from rhese two studit•s provid<~ 

support for Rirter and Sirnar's ( 1999) 
argument that the choice between alternative 
distributional assumptions IS of little 
consequence on the measurement of technical 
inefficiency. From wh;n follows, rhe practic:-tl 
evidence indicate" that the dwio.~ betw<"en 
alternative distributional assumptions i~ 

largely immaterial. Nevertheless, rht· two 
ongmal disrrihutional :~ssu1nptions remain as 
the favorable optiom for the vast majority of 
empirical sflt(lies (Kumbhakar an(! Lovell, 
2000). The earlier empirical papers adopting 
the original distnbutions include Kalirajan 
(19Rl; 1982; 19H9), Kalirajan and Flinn 
(1983), Kalirapn and Shand (1986), and Pin 
and Lee (19tH). 

The distribution:-tl assumptions of the 
technical efficiency mighr he important (or 

(:toss-~ectional data. However, mute recent 
literature on stochastic frontier models in tbe 
context of panel data has relaxed these strong 
distributional assumptions. The rqwated 
observations over time for a given firm in 

Kumbhakar and Lovell (2000) prnvtdc an 
excelknt dbcu~sinn un rfw ,h;tribmional 
assumptions nf SFA~. 
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pand dat<l contl:'xt em st·rve :ts a ~uh~rirut<.o (pr 

the dtstrihunun~tl as~umptiom (Lee, 2006). 
With the repeated uhst·rvarinn overrinw, the 

e~timares llf technicll efficiency under p~md 

data cuntext prrwide mon· desirahle st;Jtistical 

ptll]lt'rttes. As ~ngued hy Sdunidt and Sickle:> 

( 198;1-), panel data t;Kdtt:nes a nwn: accurate 

mca~un· o1· technical t:ffit:iei'lL")' (ui), when it is 

sq,arared from the stlKhastic noise c1r rhe k·vvl 
nf mdividual t'inn (vi). 

Applicatinns of SFA ''n p:mel data are 

first inrro,ltlCL"d hv Pitt and l.t·e {1981) and 

Schmidt and SKkies (19R4). In rheir papers, 

Pitt an,\ Let> ( 1981) l'Xtt·nJ the cross-section;\] 

stochastic frontier model to :1 pand tbta 

context undn ML t~srin1atiun, while Schmidt 

and Sickle~ (IIJH4) apply fixeJ .. dfect :md 

r;mdnm .. effect panl'l d:lt:l un SFA. 
Stthsequently, Kumbhabr (1987) :md Rattt•se 

and Cndlt ( 198H) extt·ml Pitt and LeL.'~ ( 1981) 

nmdd hy fucusing nn a mure w:rwral 

distnbunon Df 1t.·chnic·,d intfficitncy. Tht 

funrtiun~ll fprm uf the~c early panel .lata 

stucha~tic frumit:rs can be wnrren as: 

~' ~ f(X,;a,p).cxp(l', -u,) (4) 

Compared to rhe original sroch~1.~tic frnnrier 

model in t•quation ( 1 ), rhe ~tuchastic fruntier 

mudcl in equatinn (4) h:t~ an :Jdditiun:ll 

~uhscript t tnr t•xpLlining time.. '!'his 

additional t rdlect.' thar thl' J,tta :ne panel in 

nature, with ~~ cru~s·section:d JilllenstDll Df 

i=( 1, 2 .... , Ni ;md ~~ tinl<: Llimcnsinn oft .,. ( 1. 
2, ... , TJ. In a lirw:H t~ltlllat ft)r firm i at timet, 

the cqu:ttiun (4) i~ expressnl as: 

"'-U +X R+l' (')) 
I Ilf" II 

'" 
{i, 

(J, 

\' ·=a, 1 [' ·'" ' • 1<1 x,, J 
(6) 

' " 

fi, 

l)(l 

v.·lwre :'i., is 

nutpur fur 

(r=l,2, ... ,T), 

tht> scalar of rilL" logarithm of 

finn (t~l,2, ... ,NJ at timl' 1 

X" tS a (Jxk) Vl"LtOr uf the 

lllgarithm of mputs used hy firm 1 :u time t, p 
is a (kx 1) vector of unknown paranwter~, 

a """a ... U is the interct~rt for finn t th~H is 
r 0 r 

invariant ;Jt all rime L 

'fin1l ... Variant Technical Efficiency 
b.tuatitm (')) show:. th:11 the early 

models of p,mcl data SFA ;L~Sttllle ti[J1e

inV'Jriaut technical efficiL·ncy. Thi~ :1ssumption 

is Yt>l)' srron.!~, cspeci.11ly fur finn~ o~ll·t.nin~ 
tt\H.ler a (umpetitive <'nvirnnmcnr. Tedmic1l 

efficiency ~cun·s .ne L.X('l'L'ted to change 

thnHlgh time i( firms L'umr~'tc in :1 marker. 

Therefure, more n:cent li!L"t:lture un ran,·\ 

d:lfa SFA funt~,._~ un rd:1xing thi~ stron); 

a~~u!llption. SLlwLlrs tntrudttC<' a ShKh:btK 

frontier mn,ld with tinw-v:nying redlllicll 

efficiency for p<mel data. 
There :lrL· i't>ur ~ernin:1l p,tJ'l'r~ <ll1 SFA 

slwwing that· the tinw-invari:lnr a~sumrtion 

for tcchnicalcfftei~'lKY (TE) l"l)tlld l'e rebxed: 

Curnwell er al. (1990, \wrcafrer CSS), 

Kumhhakar ( 1990), l:httcsc and ( :oelli ( l91J}, 
hereaher 1::\C), ,1nd Lee an,] SdunJ<Ir (199), 

hncafr,~r LS). The~e t"uur (':1f.'<.T~ un lw 

divide<.! into two groups \1:1~<'d <lll tlw merhuds 

uf e~rimariun. C:-iS an<.l LS follow rracliritnl,tl 

p:wd clara merhu,b :mJ Kumbh:tbr and BC 

employ ML nwthod~. CJetwr,1lly, r\w SFA 

llHldd with tinw·v:Jryin;; TE is writtl'n as: 

y" = a 01 ·+ x,JJ + v" .. u,, 

~a + x P + v (7) 
J1 II II 

where a 11 , i~ the prudtKtion fronti<."r mtercept 

cnmmun ro all firm~ in rime t, a, = a 0, .. II" 

is the intercept t\1r finn i (1~1,2, ... ,/J th:Hv:niv~ 
thrott.»:h time t (r= I ,2, ... ,T). Note th,\1 1n 

t"<]tt:Hiun (7), the 

compunent~. u, h,l.~ an addin,,n:ll suh~cripr 1 

that retl~·cts the time-\·arying TE. 

(Jiwn a (NxT) panel in rhe Sl;A 

mudd 111 equatl\1!1 (7), it i~ not po~~ih!..· tu 

<li1l<~in l"Stim,lfl'S \>f (NxT) intt'tTept.~ fX,
1 

~1nd the ~lor<' of vector p:nJ!llctcr~ j). In 
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addre~sing rhi~ problem, Curnwell tt al. 

( 1990) 'ipccifics a,, as: 

where [0, 11 ,011 ,0, 2 ] are parameter!'> tube 

estimated. \Jott' that, under this specification, 
rhc number of intercept parameters is reduced 

to (Nx[0, 0 ,0, 1,0, 2 ]} or (Nx3), which is 

pm~ible to estimate. Thb ~peeificatiun is 
useful, particularly for a panel with a small 
number~ of cross-~ections. Huwo,•ver, m a 
practical .~ense, it will he hurden~ume if the 
number of uus~-,ccriuns is large. 

Lee and So,"hmidr (1991), on the other 
hand, spr.:cifi<.'s dw tinw-varying TE inru 

u, == n.,u, (9) 

for 0 1 =[01,02 , .•• ,01 ] repre"ents a set of 

tim..: dummy \'anahle~. By normalizing 

0 1 = I, Lee and Schmidt (1991) shows that 

the number of intercept pammeter' reduce to 

(T -1). If comp.lred to c:ornwe\1 et d. 

(1990), the specification uf Lee and Schmidt 
(1991) has an adv:mmge in terms of flexibility 
in the pattern of TE over time, hut has a 
disJ.<.h·antage in the ~ense that it impnses a 
mmmon time path of \'ariation nn TE for all 
firms. The Lee ami Schmidt's model is useful 
for panel data with a short time ,.;eries. 

Undn a different methnd of 
e~t1mation, Kumbhabr (1990) proposes J. 
SFA model with rime-varying TE as a 
p:uJ.metric function of time. The time-varying 
TE for this model can he written ;~s 

u, = {J(t).u, 

iJ(t)~[I+cxp(8t+8t')~-' (10) 

where 0 and () are two additionJ.l unknown 

parameter~ to he estimated, and u, is assumed 
tu have a ha!f.normal distribution. The 

function {J(r) has a Yaluc hetv.;ecn zero and 

one, which can increase or decrease 
monotonically. KumJ,hakar's model, as 
written in equatilm ( 1 0), shows thJ.t there nrc 

91 

only two additional parameters (y and 0) to 

be estimated under a ML method. 
Also using a ML method, 1-ht,to,·~e and 

Cuelli (1992) suggest an alternative to the 
Kumbhakar (1990) model. They propose time
varying TE under a different function of rime, 
which can he defined as 

u, ~exp[-ry(t-T)j.u, (II) 

where 77 i~ an unknown p:uarneter to he 

estimated, which has :1 value betv.Ten zero and 
one, and u, is assumed to have a truncltcd
normal distribution. To solve the ML 
vstimarion, B:lttese and Coclli (1992) replace 
the common variance of error components 

( CJ,2 
and CJ,;) with 

' 1 1 ' (J-

(J' =CJ .. ~-+CJ~ and r=( 2 " ')' 
(Jll + CJ,~ 

The Batte~l' and Coelli ( 1992) model has 
advantages in thJ.t it has only one J.dditional 
unknown p:mnnett:r ( 77) and it is :tpplicah!e 

un unhalanced panel data. The di~advantage 
b mo~dy related to an a~!'>Umption of a 
monotonic incrca.~e and decrease in TE over 
rime, which is particularly severe under panel 
dara with a large time dimension. 

Cue~ta (2000) and Orca (2002) extend 
Battese and Coelli's (1992) modd by rcbxing 
the assumption of monotonic increase and 
decrease in TE owr time. Cuesro (2000) 

proposes a time-varying TE, which c:m l1e 
expressed as 

11, ~cxp[-ry,(t-T)]-11, (12) 

In thL~ model, Cuesro repbce~ 

17 with 77,, which shows thar each individual 

finn has its own temporal pattern of TE. 
Hence, the parameters to be esti"'rnated now 
increase from one to rhe numher of cross
sections (i=1,2, ... ,N). Similarly to Cornwell .:t 

al. (1990), Cuesta\ (200C) model has a 
disJ.Jvantage \Vhen dealing with panel dat:l 
with a large cro,~s-sectilmal observation. 

On the other hand, Orea (2002) 
suggests a time-varying TE a~ 
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u, ~cxp[ -ry,(t-1')-ry,(t-T)'].u, (11) 

Orca (2002) adds ~lll addition,\\ 

parameter 17c intu Battese :md Cuclli\ (1 Sl92) 

mutle\ tn rdax the munotonic tcmpoml 

pattern uf TE. In On·a 's mudd, the numbers 

of unknuwn p:1ramerer~ assuciated with TE 

increases to twu(TJ1 and 17.,), rather rhan tllll' 

( ry). 

The Panel Data SF A with Ex(1gcnous Effects 
onTE 

The recently develuped SFA fnr ('and 

dara has fucused un exugenuu~ varial'k~. 

which may aft~·ct a firm\ pruducrivitv 

perfonmmce. Thc:se t'xogt'nous variables are 
neither inpub for pruduction nur output 

from pnKillctiun, hut they are mure rdated tu 
the cnvirunnwnt in which tht' pro,luction 

occurs. Such variables r:m be the ctgl' of firms, 
s1ze uf firms, degree uf Ultnpt'tition, 

managerial char:Kt<.'nsric~, input anel ouq'tlf 
quality, and su on. A way tu incurporate the~c 

varinhles intn the SFA model is by including 

them as cxo.~erwus variable~ affecting 
technical inefficiency. By cluing so, this 

recently devdupnl SFA is intemkd to shu\'.' 
that a firm's pn lLlucti\·ity pertlmnanu: 
depends nnt only un the l]ll<liHity of inputs 

and outpm~ hut ~~~~u un a firm's specific 

char<tctcrbtics. 
The panel dat~l SFA with <.'Xugeuuus 

variables un TE em he wrirren 111 a gener:d 
form a~ 

Y, = a0, + x,~+ ~·" -u;, 

u" =Z,1'{+t:11 

ll4c>) 

(14h) 

where z is ~l (lxm) n"cttlf ut cxplan<Jtory 

variables affecting Tl'chnical inefficiency uf 

producriun, y i~ :1 (mx J) vectur uf p<H<l!l\eters 

of technical incffillt'ncy t"unctinn, :mLl 1: is :1 
random vari~1hle. The: inefficiency functiun tn 

eLJUarinn (14b) c:m :1lsn h· wrirtcn :1s 

')l 

'" 
:,, ] 

y, 

y. 

r, 

I Ill 
H 

" 

Survey ~tudies, such ns Kumbhabr :ulLl 

Love!! (2000) and Coelli ("( (1/. (2001), show 

that thi~ stream ,lf SFA can he divid<.'d inw 
tvm grnups. The fir~t grouf~ h the <.·arly rv..·u

stage appronch anel the St'Ullld group is the 

mnre rt;>cent Pnt'·stagt' approach. 
The e:nly twn-stage :1ppruach fur 

innnp<lrating exogem1u~ variables itHll 

pwdue:tivity performance is first ('ropus<.·d bv 
Kalirajan (19HI) and Pitt :md Lee (1981). In 

rhe first stage, thi~ group of SFA e~rimatcs 

production fwntil't, as in equariun (14a), :m,l 

measun's tlw technical effickncy index uf 
each individual f"irm. In rhe second sta_g<', the 
obtained technic1l efficiency index ts 

regressed against a set uf exogenous v:trial,lc~, 
as in eqll<ltion (l4h), u~ing the st.md:u,\ OLS 
methud. This rv..·o-~tagf" :lppro:tch :b~umc~ rh.lt 
rhe t'X<lg<:thJtts variables indtrectly ,tft"ect 

output through rht'ir ct"tect on redmic:ll 
mdficiency. Elll{1iri<.·al papc:r~ applying tht~ 

twu-sta}!e <lPf'TO<Kh ind11Lk K:1lirajan (191-\2; 

191-\9), Kalir:1jan and Flinn (19H3), K:1liraj,m 
and Shand (1986: 1990; 1990), M:lh,lllcv;m 

(2()02a: 2002h); M:1h:1dc:van :uhl Kalirajan 
(2000); Salim (2003; 2008). 

Rese•ardwr~ in rhi~ tide\ di~nlvcre,l rh,Jt 
rhere art' <tt lt'ast twP problems wirh tfw tW<l

stagt' appmach (Kumhhabr l't :1!., 1991). 

Firstly, rc:dH1icall"fticiency might be CtHrei,He<..l 
with the pn•du,,riun tnputs, which tu,ly c:l\IS<..' 

inc<lnsistcnt cstim:ttc~ of the pnldtKtlnn 

frontier. Scnllhll)', rlw 015 mcrh(Kl in rhe 

secnnd stage ~~ in.lptlrnpri:tte since technical 
cffici<.'ncy is ,\s~umed ro lw on,:-si,le,l. With 
rhe~c r.\·u problem~, rherc i~ a potl'nriall•ia~ 111 

the t\.1.'(>-stage appru,1d1. Us1ng :1 Monte C:1rlo 
stmubnnn, W<m;.; :mel Schmidt (20ll2) shnw 

th,n the hi~1s in rlw rwu-~r:tg<..· olppro:Kh c:m h<.· 

very severe. 
Aw,Hc of rlwsc limitation~, the r<..'CCnt 

SFA with exngenuu~ vanable~ rhen sugge~rs a 
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onc>-stage approach to overcume thest' 
pn1blem~. 

The one-stage approach is pwpo~eJ by 
some scholars. Notably among them are 
Kumhhak:u et al. (1991), Reifschneider and 
Stcwnsun (1991), Huang and Liu (1994), 
He~hmari and Kumhhakar (1994), and 
Battesc> and Coelli (1995). The first four 
paper~ are conductl·d in a cruss·Sl'Ctional 
context, and the la"t paper i~ devclopcd in a 
panel dam context. These studic>~ suggest that 
all paranwters arv estimate . .; in om>'-tagc in 
order to obtain consi5tl:nt e5timates. 

Similar to the two-"taJ.~e approach, the 
technical efficiency in the one-step approach is 
defined as a function of a ~cr of firt1Hpecific 
exogenous variable~. Howewr, unlike rhe !lNo

stagc methud, the parameters of both the 
pruductiun fruntin ami efflciency effect .He 
e~timated simultaneou~\y using a ML method, 
under apprupriate di~trihniunal as"umptiuns 
fur buth error components (v, and u). For thc 
merit of the one-step appruach and fur its 

cumpatibility with panel data, rhe pre"em 
study di~cus~e" in more dctailt.:d the une-step 
stochastic fruntier model prnpmed hy Hattese 
and Coclli ( 199':i). 

The One-Stage Battcsc and Coelli (1995) 

Model 
The one-~ragc srocha,tic frontier model 

propused hy B~ltrese and Coclli (199':i) is 
similar ru equation ( l4a) for the production 
frontier and equation (14h) for tht' 
inefficiency effect that inn1rporares extJgentJUs 
variable~. 2 To cxpbin this in more detail, the 
rnmlcl is rewritten below m a gennal 
functional form 

u" = z)i +OJ,, 

' The Battcsc nnd Coelli (!995) mudel is 
commonly classificJ .1s an cxkllSi<lll of random· 
effect mocld in rhc ['and data stocha5ric frontier 

analysis. An cxcdknt discussion on the 
classification pf pand-,hra Hoch-.lsnc ironticr 

models inro t'ixcd-effcct and randmn-cffect is 
pmv1Jcd in chaptt'T 4 of Kllenzlc (200'5). 
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where Y,, denote' the scalar output of firm i 

(i= 1, 2, ... , N) at time t (t= I ,2, ... , T), X., is a (lxk) 

vector of inputs used by firm i at time t, p is a 

(kx I) vector of unknown parameters to be 

estimated; the ~· .. is a random error; u,. is the 
technical inefficiency effect; zi, is a (lxm) 

vector of ob~ervable non-stochastic 
cxp!anatt.Jry variables affecting technical 
inefficiency fur firm i at time t, 0 denotes a 
(mx I) vcctur of unknown parameters of the 
inefficiency effect to be cstimatnl; W i~ an 
unobservable random ~·rror. 

The underlyin~ as~umptions of the 
above model <Jre: 

v,1 - iid N(O,O'n 
u,.l- N+ ( z,IO, (J'n 
E( v,u,) ~ 0 

F(X 11u11 ) = 0 

(l)c) 

(17h) 

(l)c) 

(17d) 

~'- N+ ( 0, a,~) , "·l. Lht: puinL ul' Lruncatiun is - z,O 

(lle) 

The last assumption implies that the random 
variable w, could be negative if 

z.,O > 0 , i.e. m, ;:: -z,O . As shown by 

Battese and Coelli (1995), this last assumption 
is consistent with the assumption ( 17h). 

The parameters of stochastic frunticr 
production function and inefficiency effects 
in equations (16a) and (16b) arc estimated 
using a ML method. Battese and CoeHi (1995) 
replace rhe w1riance of error components 

( ' ') 0', and 0'; with 

a' 
a~ =0'

2 +a 2 and r= u and \ , ~ (a2 + 2) " a,. 
obtain the estimated parameters 

( p, ~. d;' r J fmm th' pwicl decivetiun of 

the log-likelihood function. The detailed 
derivation of the likelihood function from tbe 

density functions of u,. and u., is explained in 
R:ntese and Coelli (1991). The partial 
derivatives of the log-likelihood function with 

respeCt to the parameterS, p,o,a.~ and Y, Gill 

he written as: 
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(1H) 

I 191 

(20) 

DL* ~ :t:ti ¢(d,) ~+ ¢(d,) [Y, -x,(J+z,li + d,;(1-2y) ]} 1211 
iJy ,,,,[<!>(d,)2y <!>(d,;) <J, 2y(t-y)<J: 

where L* i~ a log-likeldwod function, ¢(•) 

repre~ents the den~ity functinn fur tfw 
st:mJard normal T<lllLinm v:niables, <!> ( •) 
represents the distributiun function for tlw 
standard normal random variable, T is total 

(J!.(J2 
0" = " \" 

, (<J' +a'), 
" ' 

p<'riuJ uf time, 

d = z)i 
" ( )'tJ ~ )"' 

d' Jl-y)z,,o-y(y,-x,P) 

" [ ]"' y(l-y)<J; . 
:1ml all 

otlwr variahk·s an· ,\s pn·viuu~ly defitwcl. 
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CONCLUSION 
Thi~ p:lpt'r has dio.cu~st'd the ftomll'work :1nd 

the clevel,lpment (lf Stochastic Fn1ntier 

Appro<Kh (SFA) for measuring efficiency of 

firms. Tht' original idt'a~ of Aignn Cl nl. 
( 1977) and MLTU~en and van den Broeck 

(1977) arc presented in the beginning of rlw 
J'apcr, tu shuw rhe basic framewurk uf rht 

SFA. ·1 he ~.k·velnpment of flexibk· 

,\istriburiunal as~umptiuns i~ then tdluw. 

Timc-v:nianr tL·chnical dTiciency model~ :H<.:: 

then ,\evt'lup~.·,\ by MH\lt' experts to dwp the 

\·cry ~trung assumpnun pf rime-invoHiant for ,1 

productiun unit. The rno~t rect•nt developed 

mudels are rhe panel data mudel w1rh tlme

varianr rcchnic1l efficiency, v.'hich allow for 

t'Stim~tting dw ef(iciency snlrt'~ Uthlt'r the rv..·u· 

~Ltgt· and rlw onc-~t.tge procedures. 
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Absh·act 
This paper explores the framework and development of stochastic frontier Approach (SFA). The original 
idea of the SFA and its theoretical framework is discussed to provide a basic foundation of the approach. 
The development of SFA with more flexible distribution assumptions follows the pioneering model. 
Experts also develop the time-variant technical efficiency models, in order to allow variation between times 
for a production unit. The most recent development is the panel data SFA, which includes the two-stage 
and the one-stage procedures. 
Keywords: Stochastic Frontier Approach, Time-variant Technical Efficiency, Panel data. 

m 
I. An Overview of the Stochastic Frontier Approach 

The conventional SF A can be tracked back to two pioneering papers, published 
nearly simultaneously by two teams: Aigner et al. (1977) and Meeusen and van den 
Broeck (1977). These two papers propose a common structure of two-part composed 
error, developed under a stochastic production frontier framework. The first part error 
accounts for random statistical noise representing factors such as weather, luck, 
measurement errors, and other unpredictable aspects outside a firm 's controL The second 
part error is intended to capture the technical inefficiency of firms. 

lfhe typical functional form of the SF A, as proposed by the two pioneering 
papers, can be written as: 

where Y;is the scalar output of finn i (i =I, 2, ... ,N), 
f(X1 ; a0 , ~). exp(v1) is the stochastic production frontier, 

Xi is a (Jxk) vector of inputs used by finn i, 
~is a (kxl) vector of slope parameters, 
a.o is production frontier intercept, 
exp(v1 - u1) is the combined error term, 

v; is a two-sided random statistical noise of firm i, with iid N ( 0, a;) 
u, is one-side error component representing technical inefficiency. 

In a linear format for firm i, Equation (1) can be expressed as 
Y1 = a 0 + X1~ + V1 - u1 

or 

(1) 

(2) 



(3) 

where y; is the scalar of the logarithm of output for firm i (i = 1, 2, ... ,N), X; is a (1 xk) vector 
of the logarithm of inputs used by fmn i. and other variables are as previously defmed. 

The basic idea behind the SF A model, as shown in Equation ( 1 ), comes from the 
difference between the assumption in a conventional production function and the 
observed firms ' outputs. The conventional production function specifies the maximum 
possible output levels from a given set of inputs (i.e. , firms are assumed to be producing 
at the full efficiency level), whereas the observed output data are smaller than or equal to 
the maximum possible output (i.e. , some firms are producing below the full efficiency 
level). Thus, technical inefficiencies exist in firms ' production. Incorporating the 
technical efficiency, the SFA introduces a one-side error term, u;. Hence, the objective of 
the SF A is not only estimating the parameters of production technology [J, as in the 
conventional production function, but also measuring the technical inefficiency by 
separating the two error components (u; and v;). 

The pioneering papers of Aigner et at. (1977) and Meeusen and van den Broeck 
(1977) propose the maximum-likelihood (ML) method to achieve the objectives of the 
SF A. This method requires a distributional assumption for the two error components (v; 
and w) and an assumption of non-correlation between the one-side error teWJ (w) and 
input variables (x;). Given these assumptions, the early stochastic frontier models are 
intended for cross-sectional apphcations. In dealing with the distributional assumption, 
Aigner et a!. (1977) suggest normal and half-normal distributions for v, and u;, 
respectively. Meeusen and van den Broeck (1977), on the other hand, propose normal and 
exponential distributions. 

II. The Development of Distributional Assumption 
Following the tv.ro pioneering papers, subsequent researchers develop more 

flexible forniOf distributions. Greene (1980), for example, suggests normal and gamma 
distributions by introducing additional parameters to be estimated, which provides a more 
flexible representation of the pattern of technical inefftciency in the <lata. Similarly, 
Stevenson (1980) proposes normal and truncated-normal distributions by allowing the 
normal distribution, which is truncated below at zero, to have a non-zero mode. 1 

The availability of various distributional assumptions, as proposed above, leads 
researchers to question whether the distributional assumption significantly affects the 
measurement of technical efficiency. The mean of technical efftciency scores tend to be 
sensitive on the distributional assumption, as shown by Greene (1990). However, neither 
the ranking of firms by their technical efftciency scores nor the deciles composition of 
efftciency scores seems to be sensitive to the distributional assumptions. 

1 Kumbhakar and Lovell (2000) provide an excellent discussion on the distributional assumptions of SF As. 



Kumbhakar and Lovell (2000), for example, show a very close concordance of the 
ranking of technical efficiency scores from separate estimation results using those four 
~iferent distributional assumptions mentioned above. Similarly, Horrace (2005) find that 
the ranking of firms based on their technical efficiency scores do not change when the 
four different distributional assumptions are applied interchangeably. Findings from these 
two studies provide support for Ritter and Simar' s (1999) argument that the choice 
between alternative distributional assumptions is of little consequence on the 
measurement of technical inefficiency. From what follows, the practical evidence 
indicates that the choice betv.reen alternative distributional assumptions is largely 
immaterial. Nevertheless, the two original distributional assumptions remain as the 
favorable options for the vast majority of empirical studies (Kumbhakar and Lovell, 
2000). The earlier empirical papers adopting the original distributions include Kalirajan 
(1981: 1982: 1989), Kalirajan and Flinn (1983), Kalirajan and Shand (1986), and Pitt and 
Lee (1981). 

The distributional assutWJions of the technical efficiency might be important for 
cross-sectional data. However, more recent literature on stochastic frontier models in the 
context of panel data has relaxed these strong distributional assumptions. The repeated 
observations over time for a given firm in panel data context can serve as a substitute for 
the distributional assumptions (Lee, 2006). With the repeated observation overtime, the 
estimates of technical efficiency under panel data context provide more desirable 
statistical properties. As argued by Schmidt and Sickles (1984), panel data facilitates a 
more accurate measure of technical efficiency (w), when it is separated from the 
stochastic noise at the level of individual firm (v1). 

Applications of SF A on panel data are first introduced by Pitt and Lee (1981) and 
Schmidt and Sickles (1984). In their papers, Pitt and Lee (1981) extend the cross
sectional stochastic frontier model to a panel data context under ML estimation, while 
Schmidt and iCkles (1984) apply fixed-effect and random-effect panel data on SF A. 
Subsequently, Kumbhakar (1987) and Battese and Coelli (1988) extend Pitt and Lee ' s 
(1981) model by focusing on a more general distribution of technical inefficiency. The 
functional form of these early panel data stochastic frontiers can be written as: 

Y,, = f(X,, ;a, ~).exp(v,, - u1) (4) 

Compared to the original stochastic frontier model in equation (1), the stochastic frontier 
model in equation (4) has an additional subscript t for explaining time. This additional t 
reflects that the data are panel in nature, with a cross-sectional dimension of i=(l, 2, 
N) and a time dimension oft = (1, 2, ... , T). In a linear format for firm i at time t, the 
equation (4) is expressed as: 

or 

Y1, = ao + xlt~ +vi, -u~ 

=a1 +xil~+v1, (5) 



(6) 

where yu is the scalar of the logarithm of output for ftrm i (i=1,2, ... ,N) at time t 
(t= 1, 2, ... , T) , xu is a (1 xk) vector of the logarithm of inputs used by ftrm i at time t, p is a 
(kxl) vector of unknown parameters, a1 = a0 -u1 is the intercept for ftrm i that is 

invariant at all time t. 

III. Time-Variant Technical Efficiency 
Equation (5) shows that the early models of panel data SFA assume time-invariant 

technical efficiency. This assumption is very strong, especially for ftrms operating under 
a competitive environment. Technical efficiency scores are expected to change through 
time if ftrms compete in a market. Therefore, more recent literature on panel data SF A 
focuses on relaxing this strong assumption. Scholars introduce a stochastic frontier model 
with time-varying technical efficiency for panel data. 

There are four seminal papers on SF A sho'Wihg that the time-invariant assumption 
for technical efficiency (TE) could be relaxed: Cornwell eta/. (1990, hereafter CSS), 
Kumbhakar (1990), Battese and ~lli (1992, hereafter BC), and Lee and Schmidt (1993, 
hereafter L~hese four papers can be divided into two groups based on the methods of 
estimation. CSS and LS follow traditional panel data methods and Kumbhakar and BC 
employ ML methods. Generally, the SF A model with time-varying TE is written as: 

Yu = a0 , + xuP +v1, -u1, 

= a l, +xi/P+vu (7) 

where a0, is the production frontier intercept common to all ftrms in time t, a1, = a0, - u1, 

is the intercept for ftrm i (i = 1, 2, ... ,!) that varies through time t (t= 1, 2, ... , T) . Note that in 
equation (7), the technical efficiency components, u, has an additional subscript t that 
reflects the time-varying TE. 

Given a ( N x T) panel in the SF A model in equation (7), it is not possible to 

obtain estimates of (N xT) intercepts a1, and the slope of vector parameters fJ. In 

addressing this problem, Cornwell et at. (1990) specillesa1, as: 

(8) 

where [010,0n,n12 ] are parameters to be estimated. Note that, under this specification, 

the number of intercept parameters is reduced to (Nx[010,011,012 ]) or (Nx3), which is 



possible to estimate. This specification is useful, particularly for a panel with a small 
numbers of cross-sections. However, in a practical sense it will be burdensome if the 
number of cross-sections is large. 

Lee and Schmidt (1993), on the other hand, specifies the time-varying TE into 

(9) 

for .n, :::::: [ D, , ~, ... , ~- ] represents a set of time dummy variables. By normalizing 

0 1 = 1, Lee and Schmidt (1993) shows that the number of intercept parameters reduce to 

(T - 1). If compared to Cornwell et al. (1990), the specification of Lee and Schmidt 

(1993) has an advantage in terms of flexibility in the pattern of TE over time, but has a 
disadvantage in the sense that it imposes a common time path of variation on TE for all 
firms . The Lee and Schmidt' s model is useful for panel data with a short time series. 

Under a different method of estimation, Kumbhakar (1990) proposes a SFA 
model with time-varying TE as a parametric function of time. The time-varying TE for 
this model can be written as 

u11 = {3(t).u, 

fJ(t) = [1 +exp{et +b"t2 }]-
1 (10) 

where fJ and o are two additional unknown parameters to be estimated, and u, is assumed 
to have a half-normal distribution. The function fJ(t) has a value beh:veen zero and one, 

which can increase or decrease monotonically . Kumbhakar' s model, as written in 
equation (I 0), shows that there are only two additional parameters (y and b") to be 

estimated under a ML method. 
Also using a ML method Battese and Coelli (1992) suggest an alternative to the 

Kumbhakar (1990) modeL They propose time-varying TE under a different function of 
time, which can be defined as 

(11) 

where 17 is an unknown parameter to be estimated, which has a value between zero and 

one, and u, is assumed to have a truncated-normal distribution. To solve the ML 
estimation, Battese and Coelli ( 1992) replace the common variance of error components 

' 2 

(a-,~ and a-.;) with a-2 =a-; +a-,; and r= ( 2a-" 2 ) . The Battese and Coelli (1992) model 
(J"" + 0",. 

has advantages in that it has only one additional unknown parameter ( 17) and it is 

applicable on unbalanced panel data. The disadvantage is mostly related to an assumption 
of a monotonic increase and decrease in TE over time, which is particularly severe under 
panel data with a large time dimension. 

Cuesta (2000) and Orea (2002) extend Battese and Coelli ' s (1992) model by 
relaxing the assumption of monotonic increase and decrease in TE over time. Cuesto 
(2000) proposes a time-varying TE, which can be expressed as 



(12) 

In this model, Cuesto replaces "7 with "7;, which shows that each individual firm 

has its own temporal pattern of TE. Hence, the -parameters to be estimated now increase 
from one to the number of cross-sections (i = 1,2, ... ,N) . Similarly to Cornwell et al. 
(1990), Cuesta 's (2000) model has a disadvantage when dealing with panel data with a 
large cross-sectional observation. 

On the other hand, Orea (2002) suggests a time-varying TE as 

(13) 

Orea (2002) adds an additional parameter 772 into Battese and Coelli 's (1992) model to 

relax the monotonic temporal pattern of TE. In Orea' s model, the numbers of unknown 
parameters associated with TE increases to two ( ry1 and q2 ) , rather than one ( 17) . 

IV. The Panel Data SFA with Exogenous Effects on TE 
The recently developed SF A for panel data has focused on exogenous variables, 

which may affect a firm 's productivity performance. These exogenous variables are 
neither inputs for production nor output from production, but they are more related to the 
environment in which the production occurs. Such variables can be the age of firms, size 
of firms, degree of competition, managerial characteristics, input and output quality, and 
so on. A way to incorporate these variables into the SFA model is by including them as 
exogenous variables affecting technical inefficiency. By doing so, this recently dev Dped 
SFA is intended to show that a firm 's productivity performance depends not only on the 
quantity of inputs and outputs but also on a firm 's specific characteristics. 

The panel data SF A with exogenous variables on TE can be written in a general 
form as 

Yu = a0, + xull + vu - u;, (14a) 

U11 =Z11Y+S11 (14b) 

where z is a (lxm) vector of explanatory variables affecting technical inefficiency of 
production, y is a (mxl) vector of parameters of technical inefficiency function, and e is a 
random variable. The inefficiency function in equation (14b) can also be written as 

. z,,, (15) 

Ym 



Survey studies, such as Kumbhakar and Lovell (2000) and Coelli et a/. (2005), 
show that this stream of SF A can be divided into two groups. The first group is the early 
two-stage approach and the second group is the more recent one-stage approach. 

The early two-stage approach fo incorporating exogenous variables into 
productivity performance is first proposed by Kalirajan (1981) and Pitt and Lee (1981). 
In the first stage, this group of SFA estimates production frontier, as in equation (14a), 
and measures the technical efficiency index of each individual firm. In the second stage, 
the obtained technical efficiency index is regressed against a set of exogenous variables, 
as in equation (14b), using the standard OLS method. This n;vo-stage approach assumes 
that the exogenous variables indirectly affect output through their effect on technical 
inefficiency. Empirical papers applying this two-stage approach include Kalirajan (1982; 
1989), Kalirajan and Flinn (1983), Kalirajan and Shand (1986; 1990; 1999), Mahadevan 
(2002a; 2002b); Mahadevan and Kalirajan (2000); Salim (2003; 2008). 

Researchers in this field discovered that there are at least two problems with the 
two-stage approach (Kumbhakar et al. , 1991). Firstly, technical efficiency might be 
correlated with the production inputs, which may cause inconsistent estimates of the 
production frontier. Secondly, the OLS method in the second stage is inappropriate since 
technical efficiency is assumed to be one-sided. With these two problems, there is a 
potential bias in the n;vo-stage approach. Using a Monte Carlo simulation, Wang and 
Schmidt (2002) show that the bias in the n;vo-stage approach can be very severe. 

Aware of these limitations, the recent SFA with exogenous variables then 
suggests a one-stage approach to overcome these problems. 

The one-stage approach is proposed by some scholars. Notably among them are 
Kumbhakar eta!. (1991), Reifschneider and Stevenson (1991), Huang and Liu (1994), 
Heshmati and Kumbhakar (1994), and Battese and Coelli (1995). The first four papers 
are conducted in a cross-sectional context, and the last paper is developed in a panel data 
context. These studies suggest that all parameters are estimates in one-stage in order to 
obtain consistent estimates. 

Similar to the two-stage approach, the technical efficiency in the one-step 
approach is defmed as a function of a set of fmn -specific exogenous variables. However, 
unlike the n;vo-stage method, the parameters of both the production frontier and 
efficiency effect are estimated simultaneously using a ML method, under appropriate 
distributional assumptions for both error components (v; and w). For the merit of the one
step approach and for its compatibility with panel data, the present study discusses in 
more detailed the one-step stochastic frontier model proposed by Battese and Coelli 
(1995). 

IV. The One-Stage Battese and Coelli (1995) Model 
The one-stage stochastic frontier model proposed by Battese and Coelli (1995) is 

similar to equation (l4a) for the production frontier and equation (l4b) for the 
inefficiency effect that incorporates exogenous variables.2 To explain this in more detail, 
the model is rewritten below in a general functional form 

2 The ~~ttese and Coelli (1995) model is commonly classified as an extension of random-effect model in 
the panel data stochastic frontier analysis. An excellent discussion on the classification of panel-data 
stochastic frontier models into fixed-effect and random-effect is provided in chapter 4 of Kuenzle (2005). 



(16a) 

(16b) 

where Yu denotes the scalar output of firm i (i=l, 2, ... , N) at timet (t=1,2, ... ,T), X;, is a 
(Jxk) vector of inputs used by firm i at time t p is a {kxl) vector of unknown parameters 
to be estimated; the Vii is a random error; uu is the technical inefficiency effect; z;, is a 
(lxm) vector of observable non-stochastic explanatory variables affecting technical 
inefficiency for firm i at time t, o denotes a (mxl) vector of unknown parameters of the 
inefficiency effect to be estimated; ro is an unobservable random error. 

The underlying assumptions of the above model are : 

v,.,- iid N(o,an 
u11 - N+ (z 11o,a,;) 
E(v,.lt") = 0 

E(X;,u11 )=0 

(17a) 

(17b) 

(17c) 

(17d) 

cvu- N' ( 0, a,;) , s.t. the point of truncation is - ZuO (17e) 

The last assumption implies that the random variable wu could be negative if 
z,.,o > 0 , i.e. w,., ;;:: -z,.,o. As shown by Battese and Coelli (1995), this last assumption is 

consistent with the assumption (17b) . 
The parameters of stochastic frontier production function and inefficiency effects 

in equations (l6a) and (16b) are estimated using a ML method. Battesc;, nd Coelli (l995) 

replace the vanance of error components (a; and a,;) with 

a~ = a; +a,~ and r= (a~? a;) and obtain the estimated parameters ( p, ~, ;t,;) from 

the partial derivation of the log-likelihood function. The detailed derivation of the 
likelihood function from the density functions of Vir and u,., is explained in Battese and 
Coelli (1993). The partial derivatives of the log-likelihood function with respect to the 
parameters, p, o a; and r, can be written as 

8L* = ~.f { (Yu -xuP+zuo) ¢(~: ) L_} · 
L.JL.J 2 + ( .) xu ap i=l 1=1 as <t> d,., a . 

(18) 

8L * =-~.f { (y,.,-x11P+z,.,o) [¢(d,:) 1 
L.JL.J 2 + ( .) . 1/ 2 ao ,_, ,_, O's cD d,., (r.a;) 

(19) 

_ :tf (y,., -x,.,~+zilo)} 
F• l , . , O's 

(20) 



where L * is a log-likelihood function , ¢J ( •) represents the density function for the 

standard nonnal random variables, ct>(•) represents the distribution function for the 

standard nonnal random variable, T is total period of time, 
2 2 

(71/(JV 

CJ.= ( 2 2)' CJ, + (Jv 

d = z,,o 
il ( 2 )1 / 2 ' 

d.= (1-r)zuo- r(yu -xufl) and all other variables are as previously 
/1 [ ( ) 2 ]1/ 2 YCJs r 1-y (Js 

defined. 

V. Conclusion 
This paper has discussed the framework and the development of Stochastic Frontier 
Approach (SF A) for measuring efficiency of finns. The original ideas of Aigner et al. 
(1977) and Meeusen and van den Broeck (1977) are presented in the beginning of the 
paper, to show the basic framework of the SFA. The development of flexible 
distributional assumptions is then follow. Time-variant technical efficiency models are 
then developed by some experts to drop the very strong ass , J?tion of time-invariant for 
a production unit. The most recent develo e ' models are the panel data model with time
variant technical efficiency, which allow for estimating the efficiency scores under the 
two-stage and the one-stage procedures. 
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