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Abstract. Developing distributed control for vehicle platoon applications presents
significant challenges due to input saturation and the changing velocity of the leader vehicle,
which can lead to instability. This study introduces a distributed model reference control
strategy designed to synchronize vehicle platoons under an undirected topology while
considering input saturation. The approach combines a virtual cooperative tracking error
reference model with the actual control dynamics. The virtual model swiftly relays changes
in the leadet's movement to all platoon members, while the actual controller employs low-
gain cooperative feedback control to manage input saturation. Furthermore, the control
scheme accounts for potential external disturbances that could impact the stability of the
system. Stability analysis indicates that the proposed scheme can achieve synchronization
with a bounded residual tracking error in vehicle platooning. The effectiveness of the
approach is validated through numerical simulations of a vehicle platoon with eleven
vehicles connected in a bidirectional leader topology, providing robust evidence of the
control scheme’s practical reliability and effectiveness in real-world scenarios.
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1. Introduction

Advances in communication, computing, sensing, and
actuation have enabled automated vehicles to improve
safety, comfort, and efficiency while also reducing
congestion and emissions. These developments make
vehicle-to-vehicle (V2V) and vehicle-to-infrastructure
(V2I) communication increasingly feasible [1]. Such
connectivity allows data to be shared and applied across
various functions, one of which is vehicle platooning,
where information exchange between vehicles is essential.
In this system, a cluster of vehicles collaborates to travel
in a convoy-like formation, reaching the intended
destination by coordinating velocity and maintaining
a specified distance between each vehicle. This
synchronization is achieved by implementing a distributed
controller that utilizes the information exchanged between
interconnected vehicles within a specific topology. Within
a platoon setup, a single vehicle serves as the leader,
guiding the motion of the remaining vehicles that function
as followers. Information exchanged typically includes
data on the position, velocity, and acceleration of each
vehicle [2].

Platooning can be modeled using a leader—follower
multi-agent system (MAS), in which each autonomous
vehicle is treated as an individual agent. Equipped with
onboard sensors, each vehicle gathers data on its position,
velocity, and acceleration. Communication devices enable
the vehicles to exchange information with nearby vehicles
based on a predetermined network configuration.
Commonly used topologies include directed topologies
such as single-predecessor following [3], [4], leader—
predecessor following [5], multiple-predecessor scheme
[6], and leader—multi-predecessor following |7], as well as
undirected topologies like two-way communication
(bidirectional) [8] and bidirectional leader [9]. With the
obtained information, both distributed control and
centralized control schemes can be applied to each follower.
Examples of distributed controller schemes that can be
applied to vehicle platooning include distributed cooperative
state variable feedback control [10], distributed model
predictive control [11], distributed model reference
adaptive control [12], distributed PI controller [13] and
distributed sliding mode control [14, [15]. On the other
hand, examples of centralized control that can be applied
to vehicle platooning include [16] and [17]. These control
strategies are formulated to synchronize the velocity of
followers with the leader and to consistently maintain the
distance between them. The spacing between vehicles can
be managed through several methods, such as the
constant-spacing policy employed in [18-21], constant-
time headway [22], [23], nonlinear inter-vehicle distance
rule [24], and delay-based spacing policy [25].

Most research in the field of vehicle platooning
focuses on the use of directed topology, where each
follower vehicle in the convoy only receives information
directly from the vehicles ahead of it. Directed topology
has advantages in terms of simplicity in communication,
control algorithms, and implementation and it has shown

to reduce traffic oscillations [4], [7], [26]. Important
studies conducted by Zheng et al. [26] have demonstrated
that cooperative control strategies designed based on
algebraic Riccati equations can ensure the tracking ability
and stability of heterogeneous vehicle platoon with
directed acyclic interactions. In a similar topology, Bian
et al. [27] proposed a cooperative strategy where each
vehicle determines its control input using both neighbor
states and control signals, employing a feedforward—
teedback scheme designed to ensure stability and optimize
a quadratic performance index. Harfouch et al. [28] used
an adaptive approach to address heterogeneous vehicles
and communication losses in vehicle platoons with single-
predecessor following topology. Di Bernardo [5] developed
a distributed control scheme for vehicle platoons with
a leader—predecessor following topology subject to
heterogeneous, time-varying communication delays, and
established stability through the Lyapunov—Razumikhin
theorem. Research by Prayitno et al. [29] showed that the
distributed model reference control (DMRC) scheme can
address issues of external disturbances and leader velocity
variations in the synchronization of vehicle platoons with
directed topology. Furthermore, Prayitno et al. [30]
analyzed the stability of DMRC under intermittent
information in directed topology. However, the limitation
of directed topology lies in its vulnerability to
communication failures and its inability to leverage
additional information that could be obtained from
bidirectional ~communication. This has prompted
researchers to explore more robust alternatives, such as
undirected topology, to enhance the reliability and
performance of vehicle platoons.

Undirected network structures have been widely
applied in studies of vehicle platooning. Hu et al. [18§]
introduced a two-tier distributed control strategy,
leveraging feedback linearization and distributed adaptive
control to maintain string stability and consistent spacing
in heterogeneous vehicle platoons. Li et al. [31] introduced
a four-layer architecture with cooperative control protocols
for multi-vehicle platoons, leveraging V2V communication
in a bidirectional leader configuration to achieve stable
tracking and maintain the intended formation. The
consensus problem in vehicle platoon systems with a time-
varying undirected topology was tackled by Wang et al.
[32], who designed a secure event-triggered controller and
an energy-efficient self-triggered control strategy. To
mitigate dynamic uncertainties and external disturbances
in bidirectional connected truck platoons, Feng et al. [33]
developed a robust control algorithm employing a state-
feedback mechanism and a non-smooth controller to
achieve second-order consensus and string stability.
Despite these advancements, the studies assume ideal
actuators with unlimited control inputs that can respond
instantaneously to control signals. While these simplified
assumptions offer useful theoretical understanding, they
overlook input saturation, limiting their practical relevance
and highlighting the need for approaches that account for
actuator constraints.
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Several studies have considered input saturation in
their control design. Téth et al. [34] proposed a control
strategy for heterogeneous platoons that addresses
actuator saturation. Their method adapts the leader—
predecessor following approach by detecting saturation in
preceding vehicles, adjusting the tracking law to prevent
collisions, and applying a virtual spacing policy with
a virtual predecessor model. Tao et al. [35] improved
adaptive CACC for heterogeneous single-predecessor
following platoons by introducing a saturation mechanism
that accounts for engine limits while preserving platoon
stability. However, both studies are specifically designed
for certain directed topologies. Lin [30] tackled tracking
issues in leader—follower multi-agent systems with
actuator saturation by designing scheduled low-and-high-
gain feedback controllers for each follower. This approach
enables followers to track the leader within
a connected undirected graph, though the study assumes
the leader moves at constant velocity without control
input in platoon applications.

To address these challenges, this paper introduces
a DMRC framework designed for vehicle platooning in
undirected topologies, incorporating input saturation
constraints and accommodating a leader vehicle with
varying velocities. By integrating input saturation and
variable leader velocities into the control design, the
proposed method ensures that all vehicles in the platoon
can follow the reference model without exceeding their
actuator capabilities. This study makes two main
contributions. First, it broadens the DMRC framework
[29] to cover undirected networks under input saturation,
offering a complementary perspective to existing platoon
control schemes that have primarily focused on directed
topologies [34], [35]. In contrast to [30], the proposed
controller also accommodates scenarios with time-varying
leader velocities, thereby providing a more complete
solution and improving the practical relevance of DMRC
for vehicle platooning applications. Second, it offers
theoretical guarantees on the stability and performance of
the proposed controllers, supported by rigorous
mathematical analysis and extensive simulations. The
tindings of this study pave the way for more robust and
efficient control strategies in vehicle platooning,
facilitating their deployment in real-world applications.

2. Problem Formulation

A vehicle platoon exemplifies a leader-follower multi-
agent system (MAS) application. By utilizing a MAS
framework, vehicle platoons can be efficiently designed
and analyzed. Information flow between agents (vehicles)
is typically represented by a graph G(V, E). In this graph,
N = {n,,n,,..,ny} denotes the set of nodes, each
representing a vehicle, and E € V' X V' denotes the set
of edges, representing the communication links between
the vehicles. Several matrices are instrumental in the
controller design and analysis of the vehicle platoon. The
information flow between followers is depicted by the
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adjacency matrix A = [a,i]-] € RVN | where a;jj =1if
follower i receives information from follower j, and
ajj = 0 otherwise. The in-degree matrix D is defined as
D= diag{dn,dzz, ""dNN} ,  with dii =
representing the sum of connections for each vehicle. The
Laplacian matrix L of graph G is expressed as L = D —
A € RV*N where the diagonal entries are given by €;; =

N
j=1%ij

d;; and each off-diagonal element is £;; = —a;;. The
pinning gain matrix P  represents the direct
communication link from the leader to the followers,
defined as P = diag{p11, P22, - PNn}, With pi; = 1
if follower i directly receives information from the leader,
and p;; = 0 otherwise. A graph G is classified as
undirected when all edges are bidirectional with equal
weights, that is, a;; = a;; for every i, J.

Assumption 1: The graph G is considered undirected,
fixed, and connected, with the additional assumption that
at least one follower has access to information from the
leader. [37].

Consider a vehicle platoon in which the leader operates
under a bounded, non-zero control input, allowing its
velocity to vary over time. The followers are influenced by
unknown external disturbances. The dynamics of the
system are described by the following equations:

.7.6'0 = Axo + Buo, (1)
J.Ci = Axi + Bsat(ui) + BWl', i € {1,2, ...,N}, (2)
x; = [p; +i.dy, vy, 0,]"

vector for i € {0,1,2, ..., N}. In these equations, w; and
u; are the external disturbance and control input for the

where represents the state

ith vehicle, respectively. The saturation function is defined
as sat(u;) = sgn(u;) X min{1, |u;|}. The indexi =0
refers to the leader, while i € {1,2, ..., N} denotes the
followers. Here, p;, V;, @; and d,- represent the position,
velocity, acceleration, and desired constant inter-vehicular
distance for the ith vehicle, respectively. All nominal
models of the vehicles are homogeneous with system
matrices Aand B represented by

01 0 0
A=|0 0 1 andB=|0 3)
00 =2 z

where T denotes the powertrain’s inertial lag.

This study concentrates on developing and analyzing
a distributed control framework for vehicle platooning
operating over undirected communication topologies,
ensuring that the followers maintain bounded global
tracking errors relative to the leader, even when input
saturation occurs and the leadet’s velocity varies.

3. Distributed Model Reference Control (DMRC)
with Input Saturation
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The proposed control is split into two sections: the
reference model and the actual system. A reference model
employs a virtual homogeneous vehicle platoon with
a leader moving at a constant velocity, and the control
signal is designed to account for possible saturation. The
reference model for the leader and followers is formulated
as follows:

J.CO,T = Axo,r 4
Xir = Ax;y + Bsat(u; ), i €{12,..,N}. @
Here, X1, X; » and U; ;- denote the reference states of
the leader and followers, and the control input,
respectively. The control input is formulated using the

principle of low-gain feedback [36], as follows:

Uinr = ClBTP(p)Si,r- ©)

The equation includes a scalar coupling gain ¢; and a
cooperative tracking error reference &;, defined as

€ir = 2y aij (X — i) + pii(X0r — Xi7).  (6)

Drawing inspiration from [36], by choosing Q:[0,1] =
R™" such that Q(0) = 0 and d‘fi—if) >0 for p € (0,1],

and assuming that Assumption 1 is satisfied, the
continuous-time algebraic Riccati equation

ATP + PA+ Q(p) — PBBTP =0, 0

has a unique positive definite solution P(p) for the low-
gain parameter p € (0,1].

The cooperative tracking error derived from the
reference model acts as a substitute variable, rapidly
conveying changes in the leadet's velocity. This ensures
that the vehicle platoon remains string-stable [10].
Leveraging this advantage, the same scheme is maintained
by incorporating input saturation in both parts of the
controller design. The main control signal for each actual
ith vehicle is designed as

u; = c;B"P(p)e; — ¢;BTP(p)A\;. ®)

Here, ¢, denotes a scalar coupling gain, while P(p) is the
solution to the algebraic Riccati equation given in Eq. (7).
The terms & and A; denote the cooperative tracking error
and cooperative disagreement error, respectively, which
are defined as follows:

& = X1 ai(x; — x;) + piulxo — x1), )
A =YY (e — €) — puci (10
Here, €; = &; — €; - is the disagreement error.

Remark 1: To deploy the proposed control strategy in real
vehicles, each unit must be equipped with an Electronic
Control Unit (ECU) that functions as the onboard
computer, along with several sensors. These sensors

typically include a GPS receiver for absolute positioning,
wheel speed sensors to estimate longitudinal velocity from
wheel rotations, and an Inertial Measurement Unit (IMU)
to capture longitudinal acceleration. All sensor signals are
processed by the ECU as inputs, while the control signal
generated by the ECU is applied to the throttle actuator,
whose operation is physically constrained by upper and
lower saturation limits. Communication between vehicles
can be established using wireless technologies such as
Dedicated Short-Range Communications (DSRC) which
provide low latency. Minimizing communication delays is
critical, since excessive latency can disrupt synchronization
and may even destabilize the platoon. Before the platoon
begins, the communication devices are configured
according to the chosen network topology. On the leader
vehicle, a reference model is executed in the ECU. This
model produces the leader’s reference state (X ,), while
the disagreement error is set to zero, €9 = 0, since it has
no preceding vehicle. The leader then transmits its actual
state (Xg), reference state (X, and disagreement error
(€p) to the followers as specified by the topology. For each
follower, the reference model is also implemented in its
ECU, producing both the reference state (x;,) and the
cooperative tracking error (€; ,-). In addition, the controller
described in Eq. (8) is deployed within the ECU to
regulate the actual dynamics of the follower vehicle based
on sensor measurements. From this, the ECU computes
the actual cooperative tracking error (&;) and then derives
the disagreement error (€;). The follower subsequently
broadcasts three pieces of information, namely its
reference state (X;,), actual state (X;), and disagreement
error (€;) to its connected neighbors, while simultaneously
receiving the same data from them to continuously update
its control signal.

4. Stability Analysis

To make the stability analysis easier to follow, the key
notations and parameters used throughout the paper are
summarized below,

_ T,
® Xy, = [xO,r: xorr,---,xo_r] is the stacked vector
representing the leader's reference.

_ T .
e X = [x1,r:x2,rr""xN,r] is the stacked vector
representing the followers’ reference.

o X, =[xg,x0, ", %0]" is the stacked vector
representing the leadet’s state.

e X =[x1,x5,xy]T is the stacked vector
representing the followers’ state.

o iy = [ug,ug -, U]’ is the stacked vector
representing the leader input.

o ii=[uj,uy -, uy]’ is the stacked vector

representing the followers’ input.
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o w=][w,wy -, wy]" is the stacked vector
representing the followers’ disturbance.

o e=[e;ey,ey]T  represents the
tracking error relative to the leader.

global

T
o ¢ = [ellr, €270 eN'r] serves as the reference
for the global tracking error relative to the leader.

T
& & = [51,r: gz,r""rgN,r] represents the global
reference for cooperative tracking error.

— T
o c=g, &, el
tracking error.

is the global cooperative

o c=[e,6,6y]T is the global disagreement

€rrofz.

[ ] A= [Al,Az,"',AN]T

disagreement error.

is the global cooperative

® A denotes a transformed version of the global
cooperative disagreement etror A.

e A denotes a transformed version of A.
® [yisthe N X N identity matrix.

® @ denotes the Kronecker product.

o |||l is the norm of a given vector.

® (") denotes the smallest singular value of a given
matrix.

® 0(*) denotes the largest singular value of a given
mattix.

e ]; are the eigenvalues of (L + P)
e P(p) is parameter-dependent Lyapunov matrix.

® (Q(p) is design matrix for stability analysis.

4.1. Global Dynamics Representation

The overall dynamics of the reference for the virtual
leader and followers are as follows:

%or = (Iy ® Ao, an
% = Uy ® M, — Iy ® BYsat (((Iv ®
aBPE)(A+P) O L)) (B - %)) (2)

When analyzing how the virtual follower tracks the
leader’s reference model, defined as, e, = X — X, the
overall tracking error dynamics can be expressed as
follows

¢, =(Iy ® Ae, — (Iy ® B)sat (((IN ®

GBTPE)(L+P) @ 1)) er ) (13)
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The global reference dynamics associated with the
cooperative tracking error, as formulated in Eq. (6), can be
expressed as

= Uy ® Mey - (U @ BYsat (((In @

c,BTP(0))((L +P) ® In)) sr). (14)

The global
represented by

Xy = (Iy @ A)%y + (Iy ® B)iy,

leader’s and followers’ dynamics are

(15)

x=(Iy ® Ax + (Iy @ B)sat(ir) + (Iy ®

B)w, (16)

respectively where
=~ (((w® B P@)(@+P) ®

) - (@ aBP@)(@+P ®

— ) + ((In ® :B"P() (@ + P @

) ( — %or). a7

Substituting Eq. (17) into Eq. (16) and defininge = X —
Xo together with e, = X — Xy, , the resulting global
dynarmcs of the leader-based tracking error is described
é = X — Xy, which can be written as follows

é = Uy ® e — Uy ® Bysat (v @
aBP)(L+P)®1))e) - Uy ®
B)sat (((IN ® c2B"P(0))((L + P)? ® In)) e) +
Uy ® B)sat (((In ® :B"P(2)((L + P’ ®

1) er) + (U ® B — ). 9

The overall dynamics of € are obtained by inserting Eq. (1)
and Eq. (2) into éi = Z?;l a,u(x] - XL) + pii(a'co -
X;) for every follower vehicle, and then assembling them

into a stacked vector, which leads to the following
expression

¢ = Uy ® Me - Uy ® Bysat (((Iy ®
GBTPE)((L+P) ® 1)) e) - Uy @
B)sat (((IN ® ¢;B"P(p))((L + P ® I,)) s) +
Uy ® B)sat (((In ® :B"P()(L + P)* ®

1)) + Uy @ B — o). (19
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In a similar manner, the collective dynamics of € can be
derived by evaluating €; = & — &; , for each follower and
then arranging the results into a stacked vector, leading to
the following form,

é=(Iy ® Ae — (Iy ® B)sat (((IN ®
aBTP)((L+P) ® ))e) — Uy ®

Bysat (v ® c:B"P(0))(L +P)? @ 1)) ) -
((L+P) ® B)[w — 1] (20)

Finally, the complete dynamics of A can be obtained by
computing Ai = Z?’zl a’ij (E] - El) - piiéi for cvery
follower, and then organizing the outcomes into stacked
vectors, leading to the following representation,

b=y ® DA - Uy ® BYsar (((1y @
aBTPE)((L+P) ® 1)) A) - Uy ®

Bysat (((Iv ® c2B"P(R))(L +P)? @ 1)) 8) -
(@ +P) @ B)W ). @

Under Assumption 1, (L + P) is symmetric, implying the
existence of an orthogonal matrix U such that

UL +P)UT =D =diag{i,, Ay, ..., Ax}. (22
Through orthogonal transformation, A= (U & I,,)A and
A= (U ® I)A, finally it obtained that

A= (x ® DA~ Uy ® Brsat (v ®
QBP0 ® 1)) - Uy ® Bysat (((In @

C2BTP()(D? ® 1)) - (L +P)? @ B[ -
Up). (23)

4.2. Main Result

Theorem 1. Consider a vehicle platoon comprising
leader and follower dynamics described by equations (1)
and (2) respectively, with a topology satisfying
Assumption 1. Each follower is assigned a cooperative
tracking error reference as per (6). By implementing the
distributed controller (8) with selected coupling gain ¢; >
0 and ¢, = 0, the overall cooperative disagteement etror
A remains uniformly ultimately bounded, while the
followers’ global tracking error with respect to the leader
e fulfills the following condition:

tlimllell <v, (24)

where y € RY is a constant value.

Proof. For the stability analysis, the following
Lyapunov candidate function is considered,

v =A"(Iy ® P(0))A, (25)

which satisfies the upper and lower bounds as follows

A2 — ~112
PG| <v <7D eo
The time derivative of V along (23) is
vV =A"(Iy @ P(p)A)A - 2A"(Iy ®

P(o)BYsat (((ly ® ciBTP() (D ® 1)) ) -
2AT(Iy ® P(p)B)sat (((IN ® c;,BTP(p))(D? ®

1))8) - 287((L + P)? @ POIB)W — Tl (27)
Next, Eq. (27) can be re-expressed as

V=35 {AiT(P(P)A +ATP(p))A; —
ZAiTP(p)B[sat(/liqBTP(p)ﬁi) +
sat(Ac,BTPA)]} — 28T ((L + P)? ® P(p)B)[w —
Uol, (28)

where the first term comes directly from the open-loop
dynamics of the vehicle, the second term comes from the
control law designed to stabilize the system and the last
term represents the effect of external disturbances and the
leader control input on the entire networked system. To
simplify the notation, denote k; = BTP(p)A; for i € N,
where here k; is a scalar value that represents an
“unsaturated” control signal for follower i. Substituting it
into Eq. (28) cleans up the equation significantly and
become:

V=3, (A" (P(o)4 + ATP(p))A; —
2ki[sat(Riciky) + sat(Ack;)]} = 287 (L +
P’ ® P()B)[W o). )

The upper bound of V can be obtained by applying
key properties of the system. First, by choosing the design
constants as ¢; > 0, ¢c; = 0, the contribution of the
saturation terms becomes non-positive (—2k;[sat(*) +
sat(*)] < 0), since ki(sat(ki)) > 0 whenever k; # 0.
Because this term only reduces the value of V, it may be
safely omitted when deriving an upper bound. Next, the
disturbance signals W and leader control input Uy are
assumed to be bounded, so there exists a constant § > 0
such that ||W — %y|| < B. This allows the disturbance
effect to be conservatively estimated using the Cauchy—
Schwarz inequality. Finally, the matrix P(p) is related to
the system  dynamics through the Lyapunov
equation P(p)A + A"P(p) = —Q(p) + P(p)BB"P(p),
where Q(p) is a positive definite. By integrating these
elements, namely removing the non-positive saturation
term, constraining the disturbance effect, and applying the
Lyapunov relation, the final form of the upper bound for
V is obtained as follows
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_ V<IFA(-Q(p)+ P(p)BBTP(p)A; -
287((L +P)* ® P(p)B)B. (0)

After deriving the upper bound in Eq. (30), the expression
is further simplified by employing linear system properties
and matrix norm relations. The controllability of the pair
(4, B) implies that the Lyapunov equation admits a solution
P(p), for which the matrix —Q(p) + P(p)BBT P(p)
becomes negative semi-definite. As a result, the quadratic
form &T(—Q(p) + P(p)BBTP(p))A; is necessarily
non-positive. This enables the entire summation in Eq.
(30) to be upper-bounded using the worst-case scalar
representation of the quadratic form. The bound relies on
the smallest singular value g(+) of a positive definite
matrix. Specifically, for any negative semi-definite matrix
M < 0, the inequality x” Mx < a(M)]|x||? holds, where
0 (M) denotes the minimum singular value of M. In this
context, the same principle is applied as follows:

SNA; (~Q(p) + P(p)BB"P(p))A;<

a(—Q(p) + P(0)BBTP(p))||||". (31)

Note that a(=Q(p) + P(p)BB"P(p)) = —5(Q(p) —
P(p)BBTP(p)). In addressing the disturbance term, the
sub-multiplicative rule for matrix norms is combined with
the Cauchy—Schwarz inequality. This ensures that the
expression 2AT ((L + P)? ® P(p)B)p does not exceed
the product of the involved norms. With the bounds for
the quadratic part and the disturbance term in place, Eq.
(31) can be reformulated as the scalar inequality presented
as follows,

V < -5(Q(p) — P(0)BBTP()|B]" + 25((L +
P (P(p)BBA]l. (32

By applying the bounds established in Eq. (20), the
inequality can be directly linked to the Lyapunov function

V, where both ”3” and ”3”2 are rewritten in the form
N4

131l < = (3
and

~n2 1’4

13" = =7 (34)
respectively.

In order to simplify the expression, define a =

a(Q(p)-P(p)BBTP(p)) _ 20(@+P)*)a(P(p)B)B
— nd b= — .
a(P(p)) a(P(p))

Incorporating these definitions together with Eq. (33) and

Eq. (34) into Eq. (32) results in:

V < —aV + bVV. (35)
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Let
z =V =5(P)|A|, (36)
then
i<-2z42 37)
2 2
The solution of z is
b _at b
z<2+e72 (20-2), (38)

that shows that z is bounded by b/a as t — co. Then,
: .. b
< -+ — =

th—gloz - ggnoo (a €z (ZO a))’

and by substituting (36) into (39), the final result can be
expressed as,

(39)

b

lim|[A]| £ ——==1«a 40
t—>oo|| ” a/a(P(p)) ’ (40)
where

o = 20((L+P)*)T(P(p)B)ByT(P(p)) (41)

a(Q(p)-P(pP)BBTP(p))
From (30), the following condition
Al > 29(+P)?)a(P(p)B)B
1811 = o asstron = &

5(Q(p)-P(p)BBTP(p))

renders V < 0. By considering Eq. (32), Eq. (42) and
noting the fact that ||A|| = ||A]l, the solution of A is
uniformly ultimately bounded. The connection between
lle]l and ||A]| can be described as follows

lell = ||(@+P) ®@1,) 4| <

|AY]

R

Alternatively,

llell < 25((L+P)2)a(P(p)B)B
~ 5(Q(P)-P(p)BBTP(p))a(L+P)

(44

The reference model incorporates the methodology
introduced in [10], ensuring synchronization of all
follower states with the leader state. This implies £ = 0,
hence € = € and the relationship between ||€|| and ||e]| is
established as:

_ -1 llell
lell = [[(C+P) @) el < 5 @9
Thus, the tracking error e satisfies (24) with
_ P
y = 25((L+P)2)a(P(p)B)B (46)

5(Q(p)—P(p)BBTP(p))(a(L+P))*
This completes the proof. 0

Remark 2: The parameter y defines the maximum
steady-state tracking error achievable by the system,
meaning all followers eventually converge within this
bound. In practical terms, Yy represents the minimum
assured spacing that vehicles can safely maintain, ensuring
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that the distance between them remains above a critical
limit even when disturbances or input constraints occur.
The numerator captures the overall disturbance influence,
where 8 measures the combined effect of external
disturbances and the leader’s input. Stronger actuator gain,
expressed by 0(P(p)B) may unintentionally amplify
disturbances, especially in networks with weak connectivity
that allow errors to spread widely. The denominator
reflects the system’s stabilizing capacity: a(Q(p) —
P(p)BBTP(p)) indicates controller aggressiveness, while
(a(L + P))? quantifies network connectivity. Improved
controller ~ robustness  together  with  reliable
communication among vehicles helps lower the tracking
error limit, resulting in better coordination and

maintaining safe inter-vehicle distances within the platoon.

5. Numerical Simulation

The performance of DMRC with input saturation
is verified through a simulation involving a platoon
of 11 wehicles arranged in a bidirectional leader
topology, as shown in Fig. 1. In this topology, the
vehicle platoon utilizes a Laplacian matrix L =
tridiag(—1,[1,2,2,2,2,2,2,2,2,1],—1) and a pinning
gain matrix P = Iy.

Fig. 1. Vehicle platoon with bidirectional topology.

The parameters applied in the simulation are
summarized in Table 1, and the initial conditions for all
vehicles are outlined in Table 2. To mimic real traffic
scenarios where the leader varies its velocity over time, the
construction of Uy is depicted in Fig. 2. Furthermore, to
enhance realism, various unknown external disturbances
and parametric uncertainties are assigned to each follower,
as shown in Fig. 3.

Table 1. Simulation parametets.

T [s]
0.25 5 1.5

d.[m] ¢ ¢ P Q
0.001

150 ol

Table 2. Vehicle initial conditions.

i pi(0)[m] v;(0)[m/s] a;(0)[m/s?]
0 100 20 0
1 90 17 0
2 82 21 0
3 74 19 0
4 65 20 0

i pi0)[m] vy(0)[m/s] a;(0)[m/s]
5 45 17 0
6 30 18 0
7 20 20 0
8 14 21 0
9 7 17 0
10 0 19 0

|

. . . . . . |
0 10 20 30 40 50 60 70 80 90 100
Time [s]

Fig. 2. Bounded, time-varying leader input.

1 . . . , ) .
-1 -2
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: ] ‘ [
o ol |
1k -1
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1 2
1 2
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2‘ [ 1 . . . .
0.5
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0 =0
-1 -1
0 20 40 60 80 100 0 20 40 60 80 100
Time [s] Time [s]

Fig. 3. Disturbances and parametric variations present in
each vehicle system.

The simulation results show that, under the designed
control input, all follower vehicles consistently operate
within the prescribed actuator saturation limits, as
illustrated in Fig. 4. This confirms that the proposed
distributed controller effectively prevents control signal
overflow, maintaining system stability despite the
nonlinear constraints imposed by saturation. As depicted
in Fig. 5, the platoon achieves formation stability
approximately 40 seconds after the simulation begins.
During this period, transient deviations in spacing and
velocity gradually diminish, indicating the controller’s
capability to regulate both cooperative tracking and
synchronization dynamics. Furthermore, even when the
leader varies its velocity profile over time, the followers
are able to adapt and converge to the leader’s trajectory
without violating input constraints. The synchronization
results in bounded tracking errors, as shown in Fig. 6.
Quantitative analysis of these bounds is summarized in
Table 3. Within the observation interval of 40 <t < 100 s,
the inter-vehicle distance error remains within —0.060 m
to 0.070 m, the velocity error within —=0.014 m/s to 0.017
m/s, and the acceleration error within —0.038 m/s? to
0.038 m/s%
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Fig. 4. Bach follower’s control input.
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Fig. 5. Synchronization of the platoon.

After the platoon reaches synchronization, the
cooperative disagreement errors between vehicles remain
well-contained within small limits, as shown in Fig. 7 and
detailed in Table 4. During the steady-state phase (40 < ¢
< 100 s), the spacing disagreement error (4;,) does not
exceed F0.08 m, and the velocity and acceleration
disagreement errors (4; ,, and A; ;) stay within £0.02 m/s
and £0.044 m/s?, respectively. These consistently low and
balanced values indicate that the proposed distributed
controller successfully reduces relative motion variations
among vehicles, maintaining strong cohesion within the
platoon. Furthermore, the results imply that the selected
communication structure and coupling parameters
effectively suppress error propagation and prevent
oscillatory behavior across the network. Owerall, the
bounded disagreement errors validate that the controller
supports smooth synchronization, stable formation, and
reliable operation even under actuator saturation and
external disturbances.
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Fig. 6. Tracking error of the platoon, e.

Table 3. Max and min values of the tracking error, e.

DMRC with saturation input
C1 = 1. 5, Cy = 150

Tracking errors

40<t<100s Min Max
Distance [m] —0.060 0.070
Velocity [m/s] ~ 0014 0.017
Acceleration [m/s?] —-0.038 0.038
4.p A5~P
A, Ao

1 T T
@
g 0
= -1 _Al,v _Az,v _A3,v A4,\r _As_v H
< —_A Y-S\ N —

) ‘ ‘ 6.v 7y 8.y 9.v 10.v
0 10 20 30 40 50 60 70 80 90 100
Time [s]
& 2F — A 8 A Aya A,
K J —— B ™ B0 =B, — B0
L0
s |
) . . . \ . . . . .
0 10 20 30 40 50 60 70 80 90 100
Time [s]

Fig. 7. Cooperative disagreement error, A;.
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Table 4. Max and min values of the cooperative

disagreement tracking error, A.

DMRC with
saturation input
Cq1 = 1. 5, Cy = 150

Cooperative disagreement
error, 40 < t <100s

Min Max

Ai'p [m] —0.08 0.08
A; , [m/s] —0.02 0.02
A; 4 [m/s —-0.044 0.044

6. Conclusion

In this study, a distributed model reference control
strategy was developed to address actuator saturation
using low-gain feedback in vehicle platoons. The method
allows the leader to vary its velocity while limiting the
effects of saturation through low-gain cooperative
feedback. The stability analysis of the platoon under an
undirected communication topology confirms that the
followers are able to synchronize their inter-vehicle
distance, velocity, and acceleration with the leader,
maintaining a bounded residual tracking error. The
effectiveness of the proposed method is verified through
simulations involving a platoon consisting of one leader
and ten followers arranged in a bidirectional leader
topology. The results indicate that all follower vehicles
operate within the defined control limits and achieve
stable formation within approximately 40 seconds. The
tracking and cooperative disagreement errors remain
minimal and balanced, demonstrating the controller’s
capability to sustain synchronized motion, maintain safe
inter-vehicle spacing, and ensure smooth convergence
toward the leader’s trajectory.
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